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Outline

•ThepyramidalalgorithmofBurtandAdelson

•Waveletandframeletpyramids

•Functionspacecharacterizationsviawaveletsandframelets

coefficients

•Approximationpropertiesofframelets

•Compression-Alignment-Prediction(CAP)representationsand

theiruseinfunctionspacecharacterizations

•Compression-Alignment-ModifiedPrediction(CAMP)

representationsandtheiruseinfunctionspace

characterizations
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Wisconsin

Fromleft,1strow:

JuliaVelikina,YoungmiHur,YeonKim,NarfiStefansson.

2ndrow:

ThomasHangelbroek,SangnamNam,JeffKline,StevenParker.
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JuliaVelikina:undersampledMRIdata

Schepp−Logan phantomConventional recon. from 90 projections, acceptable quality

Conventional recon. from 23 projections, unacceptable qualityTV−based recon. from 23 projections
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JeffKline:newdatarepresentationinNMR
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StevenParker:redundantrepresentationofacousticsignals
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Adpative framelet−based representation of a vibraphone recording
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NarfiStefansson:spraseframeletrepresentations
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6/10  61440 coefficients

cubic spline  34608 coefficients

quartic spline  34452 coefficients

box15,box17,box18  35085 coefficients
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FrameNet:on-lineinteractiveframeletandwaveletanalysis
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d4d3

d2d1
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Pyramidalgorithms(BurtandAdelson,1983)

h:ZZ→IRisasymmetric,normalized,filter:

h(k)=h(−k),∑
k∈ZZh(k)=1.

↓,↑aredownsampling&upsampling:

y↓(k)=y(2k),k∈ZZ

y↑(k)=

{2y(k/2),keven,

0,otherwise.

(yj)
∞
j=−∞⊂C

ZZ
s.t:

yj=Cyj+1:=(h∗yj)↓,∀j.

CisCompressionorCoarsification

yj+1isthenpredictedfromyjby

yj+1≈Pyj:=h∗(yj↑).

PisPredictionorsubdivision
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Thepyramidalgorithm:

•Definethedetailcoefficients:

dj:=(I−PC)yj=yj−Pyj−1.

•Replaceyjbythepair(yj−1,dj).

•Continueiteratively.

ym- C
ym−1- C

ym−2......y1- C
y0

?

I−PC

dm

?

I−PC

dm−1

?

I−PC

dm−2

?

I−PC

d1

Reconstruction.Recoveringymfromy0,d1,d2,...,dmistrivial:

y1=d1+Py0,y2=d2+Py1andsoon.
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Waveletpyramids,Mallat,1987
DecomposethedetailmapI−PC:

I−PC=RD

D:yj7→(h1∗yj)↓=:w1,j−1,R:y7→h1∗y↑
withh1areal,symmetric,highpass:∑

k∈ZZh1(k)=0.

ym- C
ym−1- C

ym−2......y1- C
y0

Z
Z

Z
Z

Z~

D
Z

Z
Z

Z
Z~

D

w1,m−1w1,m−2

Z
Z

Z
Z

Z~

D

w1,0

Notethatwecanrecoverymfromy0,w1,0,w1,1,...,w1,m−1since

y1=Rw1,0+Py0,y2=Rw1,1+Py1andsoon.

17



Frameletspyramids,Daubechies-Han-R-Shen,03
DecomposeI−PC=∑r

i=1RiDiwhere

Di:yj7→(hi∗yj)↓=:wi,j−1,Ri:y7→hi∗(yj−1↑)

eachhireal,(anti-)symmetric,highpass:∑
k∈ZZhi(k)=0.

ym- C
ym−1......y1- C

y0
Z

Z-D1
w1,m−1 ..

.

-Dr
wr,m−1

..

.

Z
Z-D1

w1,0 ..
.

-Dr

..

.

wr,0

Whoneedstheoverheadassociatedwithframelets?

A:theyofferfargreaterdesignfreedom
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Example(R-Shen,1997):

ĥ(ξ)=
1

4

(
1+e

−iξ)2
,ĥ1(ξ)=−

√
2

4

(
1−e

−2iξ)
,ĥ2(ξ)=−

1

4

(
1−e

−iξ)2

012

Refinable function

012

Mother wavelet 1

RS2

012

Mother wavelet 2

piecewise-linear

Allthefiltersaboveare3-tap,andtheunderlyingwaveletsare

piecewiselinear

19



Themathematicsbehindpyramidalalgorithms,
PartI:therudiments

Givenh,onelooksforφ∈L2(IR)s.t.

φ̂(2·)=ĥφ̂,(φ̂(0)=1).(1)

φisarefinablefunction,

thefilterhisthe(lowpass)refinementmask.

Notation:Forj,k∈ZZ,ϕj,k:=2
j/2
ϕ(2

j
·−k).(ϕsomefunction)

yj,f(k):=2
j/2

〈f,φj,k〉.

Thenyj,f=Cyj+1,f,∀j.
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Themathematicsbehindpyramidalalgorithms,
PartII:wavelet-basedcharacterizationsof

functionsspaces

Letψ∈L2(IR)∩L1(IR)s.t.
∫
ψ(t)dt=0

WaveletsystemX(ψ)is

X(ψ):=
{
ψj,k=2

j/2
ψ

(
2
j
·−k

)
:j,k∈ZZ

}
.

X(ψ)isan(orthonormal)waveletifitformsanorthonormal

basisofL2(IR).

Whywavelets?

•fastalgorithms

•functionspacecharacterizations

•non-redundantrepresentations
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FunctionspacesL
s
p(s∈IR,0<p<∞)

Letϕ∈Ssatisfy

suppϕ̂⊂{1/2≤|ξ|≤2},
|ϕ̂(ξ)|≥c>0,3/5≤|ξ|≤5/3,

∑
j∈ZZ|ϕ̂(2

−j
ξ)|

2
=1,ξ∈IR\{0}.

ThefunctionspaceL
s
pisthesetofallf∈S

′
/Ps.t.

‖f‖Ls

p:=

∥∥
∥∥
∥∥
∥


∑

j∈ZZ

(2
js
|ϕj∗f|)

2




1/2∥∥
∥∥
∥∥
∥Lp

<∞,ϕj:=2
j
ϕ(2

j
·).

•L
0
p≈Lpif1<p<∞

•L
0
p≈Hp(theHardyspace)if0<p≤1.

•L
0
p∩L

m
p≈W

m
p(theSobolevspace)if1<p<∞andm∈IN.
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CharacterizationofL
s
pusingwavelets

Theorem1(Meyer,Frazier-Jawerth,198x)

n>max{s,−s,1/p−1−s},integer.

X(ψ)isorthonormalwavelet,and:

ψ∈C
n
c,

∫
t
α
ψ(t)dt=0,∀0≤α≤n−1.

Thenwehave

‖f‖Ls

p≈‖Q
s
ψf‖Lp,

where

Q
s
ψf:=


∑

j,k

∣∣
〈f,ψj,k〉2

js
χj,k

∣∣2



1/2

,χ(t):=

{1,0≤t<1,

0,otherwise.
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Framelets

Ψ⊂L2isafinitesetofmotherwavelets

TheaffinesystemgeneratedbyΨis

X(Ψ):={ψj,k=2
j/2
ψ

(
2
j
·−k

)
:ψ∈Ψ,j,k∈ZZ}.

Analysisisthemap

T
∗

:f7→{〈f,ψj,k〉:ψ∈Ψ,j,k∈ZZ},f:IR→C.

X(Ψ)isa(tight)frameif,∀f∈L2,

‖f‖L2=‖T
∗
f‖`2:=


∑

ψ∈Ψ,j,k∈ZZ

|〈f,ψj,k〉|
2




1/2

.

X(Ψ):non-redundanttightframe⇒X(Ψ)isorthonormalwavelet
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Themathematicsbehindpyramidalalgorithms,
PartIII:framelet-basedcharacterizationsof

functionsspaces

Theorem2(Kyriazis,Nielsen).

s∈IR,0<p<∞,n>max{s,−s,1/p−1−s},integer.

X(Ψ)isframeand:

Ψ⊂C
n
c,

∫
t
α
ψ(t)dt=0,∀0≤α≤n−1,∀ψ∈Ψ(2)

Thenwehave‖f‖Ls

p≈‖Q
s
Ψf‖Lp,where

Q
s
Ψf:=


∑

ψ∈Ψ,j,k∈ZZ

∣∣
〈f,ψj,k〉2

js
χj,k

∣∣2



1/2

.

BadNews:(2)istoostringent.
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Constructionofwaveletsandframelets

1.Choosearefinablefunctionφ∈L2withtherefinement

(lowpass)filterh.

2.V0:=closedlinearspanof(φ(·−k))k∈ZZ⊂L2.

3.ChoosemotherwaveletsΨ={ψ1,..,ψr}⊂V0(2·).Then

ψ̂i(2·)=τiφ̂,(τi:2π-periodic)

Theorem3(R-Shen,1997)Assume

ĥĥ(·+ν)+
r∑

i=1

τiτi(·+ν)=





1,ν=0,

0,ν=π.

ThenX(Ψ)isatightframe(framelet).

(hi)
r
i=1fromtheframeletpyramidsarethefiltersof(τi)

r
i=1.

Muchmoreneededfororthonormalwaveletconstructions:

(e.g.,(φ(·−k))kisorthonormal)

26



Howtomeasurethe“performance”offramelets

1.φprovidesapproximationorderm,if,∀f∈W
m
2,

dist(f,Vn):=min
g∈Vn‖f−g‖L2=O(2

−nm
),Vn:=V0(2

n
·).

2.X(Ψ)hasvanishingmomentsoforderm0,

if∀ψ∈Ψ,ψ̂=O(|·|
m0

)nearorigin.

3.X(Ψ)providesapproximationorderm
′
,if,∀f∈W

m
′

2,

‖f−
∑

ψ∈Ψ,k∈ZZ,j<n

〈f,ψj,k〉ψj,k‖L2=O(2
−nm

′

).

Theorem4(Daubechies-Han-R-Shen,2003)

m
′
=min{m,2m0}

•Fororthonormalwavelets,m=m
′
=m0.

•Forframelets,m0canbeassmallasm
′
/2.
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CAPrepresentations

Choose:

•tworefinablefunctionsφc,φpwithrefinementfiltershc,hp.

•Athird(Auxiliary-Alignment)lowpassfilterha.

Decompose:Fixf:IR→C.

Forallk,j∈ZZ,defineyj(k):=2
j/2

〈f,(φc)j,k〉.
TheCAPoperatorsare:

C:y7→(hc∗y)↓,(Coarsification-Compression),

A:y7→Ay:=ha∗y,(Alignment),

P:y7→Py:=hp∗(y↑),(Prediction-subdivision).

ThenCyj+1=yj,∀j.
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Thedetailcoefficientsare:

dj:=(A−PAC)yj=Ayj−PAyj−1.

ThisistheCAPrepresentationwith(dj)theCAP

coefficients.

ym- C
ym−1- C

ym−2......y1- C
y0

?

A−PAC

dm

?

A−PAC

dm−1

?

A−PAC

dm−2

?

A−PAC

d1

ymisrecoveredfromy0,d1,d2,...,dmsince

Ay1=d1+PAy0,Ay2=d2+PAy1,...,Aym=dm+PAym−1

anddeconvolvingAfromAym.

Thecaseha=δ(i.e.A=I)andhp=hc(−·)isthepyramidal

representationofBurtandAdelson.
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Themathematicsbehindpyramidalalgorithms,

PartIV:CAP-basedcharacterizationsof

functionsspaces,
orthewinnertakesall

Theorem5

nc,npintegers,nc>max{−s,1/p−1−s},np>s.

Assumethatφc∈C
nc

c,φp∈C
np

c,and

ĥc(·+π)=O(|·|
nc

),ĥp(·+π)=O(|·|
np

),ĥa−ĥa(2·)ĥcĥp=O(|·|
max{nc,np}

),

Then:

‖f‖Ls

p≈‖Q
s
CAPf‖Lp,

where

Q
s
CAPf:=


∑

j,k

∣∣
dj+1(k)2

js
χj,k/2

∣∣2



1/2

.
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•Nowavelets,noframelets,zilch.
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Summary

Dothey

WFCAP

implementedbyfastpyramidalgorithms?XXX

providesgoodfunctionspacecharacterizations?XXX

avoidmotherwavelets?X

veryshortfilters,withnoartifacts?XX

havesimpleconstructions?XX

avoidredundantrepresentations?X

Waveletarenon-redundant.Capletsareonlyslightlyredundantin

highdimensions.Theirredundancyisnon-essential.
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CAMPrepresentations:
Compression-Alignment-ModifiedPrediction

WithCAPinhand,onecanmodifythepredictionprocesss.t.:

•Thefiltersareshorter

•Theperformance(:=functionspacecharacterization)isthe

same

Example:Ifhpisinterpolatory,wemayredefinethedetailsas:

dj(k):=

{(I−PC)yj+1(k),k∈2ZZ,

yj+1(k)−P(yj+1↓)(k),otherwise.
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Example(2D):TakeA=I,hc=hp=[0,
1

8,
1

8;
1

8,
1

4,
1

8;
1

8,
1

8,0]=:h.

Foreachyj,lety
∗
j:=(yj↓)↑andconsiderapartitionofyjgivenas

yj→
y
∗
jy

H
j

y
V
jy

D
j

Definethedetailquadruplet(d
∗
j,d

H
j,d

V
j,d

D
j)=:d̃jas

d
∗
j:=y

∗
j−(yj−1↑),d

s
j:=y

s
j−Aves(y

∗
j),s∈{H,V,D}.

Reconstructionisasbefore,withasmalltweak.

Thefiltersforcomputingd̃jare4-taponaverage:sameas2DHaar.

TheperformanceismuchbetterthanHaar.
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yj
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d
V
jd

D
j

d
*
jd

H
j

Figure1:Firstleveld̃CAMPcoefficients,organizedbycosets.

36



37


