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Abstract

An important issue with oversampled FIR analysis Iter bank s (FBs) is to determine inverse synthesis
FBs, when they exist. Given any complex oversampled FIR analysis FB, we rst provide an algorithm
to determine whether there exists an inverse FIR synthesis system. We aso provide a method to ensure
the Hermitian symmetry property on the synthesis side, which is serviceable to processing real-valued
signals. As an invertible analysis scheme corresponds to a redundant decomposition, there is no unique
inverse FB. Given a particular solution, we parameterize the whole family of inverses through a null
space projection. The resulting reduced parameter set simpli es design procedures, since the perfect
reconstruction constrained optimization problem is recast as an unconstrained optimization problem. The
design of optimized synthesis FBs based on time or frequency localization criteria is then investigated,
using a simple yet ef cient gradient algorithm.

Index Terms

Oversampled lIter banks, inversion, Iter design, optimiz ation, time localization, frequency localiza-

tion, lapped transforms, modulated Iter banks.

. INTRODUCTION

Since the 70s, Iter banks (FBs) have become a central tool in sig nal/image processing and commu-

nications: lapped or discrete wavelet transforms can be viewed as instances of FB structures. Likewise,
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oversampled FBs (OFBs) constitute an extensively studied instance with remaining open questions. Their
development came along under a variety of different appellations, to name a few: general Anaysis-
Synthesis Systems [1], DFT (discrete Fourier transform) with stack-shift capability, Overlap-Add or
Generalized DFT, underdecimated systems, oversampled harmonic modulated Iter banks [2], [3], com-
plex lapped transforms [4], generalized lapped pseudo-biorthogonal transform, etc.

In a more generic form, OFBs have received a considerable attention both theoretically and in many
applications, in the past ten years, following their association with speci ¢ types of frames [2], [5], [6].
Their design exihility, improved frequency selectivity and increased robustness to noise and aliasing
distortions have made them useful for subband adaptive Iter ing in audio processing [7], noise shaping
[8], denoising [3], multiple description coding [9], echo cancellation [10], multiple antenna code design
[11], channel equalization [12], [13], [14] or channel coding [15].

Two major problems arise when resorting to OFBs: (i) the existence of an inverse for the analysis OFB
achieving perfect reconstruction (PR) and (ii) the determination of an optimal synthesis FB. Since the
additional degrees of freedom gained through redundancy may increase the design complexity, several
works have focused on FBs modulated with a single [16], [17] or multiple windows [18]. More genera
formulations are based on factorizations of OFB polyphase representations with additional constraints
(restricted oversampling ratios, symmetry, realness or It er length) into alattice [19], [20], [21], [22] or a
lifting structure [23]. Constructions with near perfect reconstruction (relaxing the PR property) have also
been proposed [24], [25], [10], [26]. In [27], [28], [29], more involved algebraic tools (such as Grebner
bases) have also been employed. Recently, Chai et al. have proposed a design based on FB state-space
representations [30]. The design may use different kinds of optimization criteria based on lter regularity
or more traditional cost functions based on Iter shape (subb and attenuation [21], [10], coding gain [31]).
Most of those synthesis FB designs rely on minimum-norm solutions. An interesting approach combining
the latters with a null space method was successfully pursued by Mansour [32] for synthesis window
shape optimization in a modulated DFT FB.

Within the compass of the proposed work is a relatively generic construction and optimization of
oversampled synthesis Iter banks with Finite Impulse Respon se (FIR) properties at both the analysis
and synthesis sides. We can additionally impose a practically useful Hermitian symmetry on the synthesis
side. This work extends the results given in two previous conference papers [33], [34]. A specia case
has been judiciously devised in [22], for speci ¢ Iter length and redundancy factor allowing closed
form expressions for two design criteria. In Section 11 we recall the polyphase notation used throughout

this paper. Given arbitrary FIR complex oversampled analysis FB, we rst describe in Section I11-A
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a simple agorithm to test whether it is FIR invertible or not, based on known results on polynomial
matrices [35], [36]. The standard Moore-Penrose pseudo-inverse (Pl) solution [37] is studied in Section
[11-B. In Section 111-C, a method is supplied to enforce an Hermitian symmetric FB, which is useful
for real data analysis, processing and synthesis. In Section 1V, the problem of the optimal design of the
synthesis FB is addressed. Although optimization can be studied both on the analysis and synthesis sides
[38], [39], we consider here a given analysis FB and work on the synthesis side. We derive in Section
IV-A an ef cient parameter set size reduction for this purpos e. Using time or frequency localization
criteria, we then reformulate in Section IV-B the constrained optimization problem as an unconstrained
one for both the general and Hermitian symmetric cases. After describing the optimization process,
we illustrate, in Section V, the different methods proposed for the inversion and optimization on three

classical oversampled real and complex FB types.

Il. PROBLEM STATEMENT

A. Notations

n
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Fig. 1. Oversampled M-channel Iter bank.

Lapped transforms [40] were introduced in [41] to avoid blocking artifacts in audio processing.
Similarly for images, they reduce tiling effects produced by classical block transforms (as can be seen
in the JPEG image compression format). Lapped transforms belong to the class of FBs, such as the one
represented in Figure 1, with a decimation factor N smaller than the length of each Iter. The lters,
whose impulse responses are denoted by (hij)o i<m, are supposed of nite length KN with k an integer
greater than or equal to 2. We therefore consider k overlapping blocks of size N.

A signal (x(n))n2z is decomposed by M Iters; since the decimation factor is N, the overall redun-
dancy of the transform is M=N = k’. In this paper, we investigate the oversampled case, i.e. k" > 1.

The M outputs of the analysis FB are denoted by (yi(n))o i<m. With these notations, the outputs of
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the analysis FB are expressed, for all i 2 f0;:::;M 1lgandn2Z, as

<X
yi(n) = hi(p)x(Nn p)
p < j=0

hi(N“+)x(N(n *)  J): D)

B. Polyphase formulation

the impulse responses of the analysis Iters. We also dene the polyphase vector from the input signal
X(n): 8n 2 Z; x(n) = (X(Nn " J))o j<n- leading to concisely rewriting (1) into a convolutive form:
>
y(n) = (Yo(n);:::5ym 1(n))” = . HEx(n ) =H x)(n); )
where ~ is the transpose operator. Thus, (2) can be reexpressed as. y[z] = H[z]x[z], where H[z] =
P'.(:& H(*)z "isthe M N polyphase transfer matrix of the analysis FB and x[z] (resp. y[z]) is the

z-transform of (x(N))n2z (resp. (y(N))n2z)-

C. Yynthesis FB
P .
The polyphase transfer matrix of the synthesis FB: A[z] = A(‘)z , satises
&[z] = A[z]y[z]; 3

where the polyphase vector of the ouput signal of the synthesis FB (8(n))n2z is dened similarly to

(x(N))n2z. We deduce from (3) that:

Ml 3k
8n227;8i2f0;::;N 1g; =(nN i) = Bij(n )y (*); 4)
j=0 = 1
where () = R;;(°) 0 <N jem’ Expressing (4) with impulse responses, we can write: for every
i2f0;:;N 1gandn?2Z,
13k
B(NN i) = Bi(N(h ) D) ©)
j=0 = 1
which, by identifying (4) and (5), alows us to deduce that
h i
B()= Bj(N° i) ;27 (6)

0 i<N;0 j<M’

These expressions hold for any oversampled FIR FB.
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[11. INVERSION
A. Invertibility of an analysis FB

This work being focused on the construction of FIR synthesis It ers, a preliminary point is the
veri cation of the given analysis FB FIR invertibility. The poly phase representation of FBs offers the
advantage of relating the perfect reconstruction property to the invertibility of the polyphase transfer
matrix [42]. The latter matrix belongs to the ring C[z;z 1M N of Laurent polynomial matrices of
dimensions M N. We emphasize that we do not look for any inverse MIMO lter, bu t for an inverse
polynomial matrix in C[z;z 1N M instead. In other words, we aim at obtaining a (non-necessarily
causal) FIR synthesis FB.

A rst answer to this FIR invertibility problem can be conveyed through the study of the Smith
McMillan form of a polynomia matrix [43], [42], but unfortunately this decomposition is quite costly.
Park, Kalker and Vetterli also devised a method using Grebner bases [28] to study the invertibility
of polynomia matrices which is applicable to the general multidimensional case. We describe here an
aternative cost-effective method in the one-dimensional case. The following result gives a necessary and
suf cient condition for a matrix to be left invertible, and th us, for the existence of such an inverse system:

let H[z] 2 C[z;z 1M N be a polynomia matrix with M > N. The following conditions are equivalent:

1) HJz] is coprime, which means that the determinants of the maxim um minors (sub-matrices of

size N N) are mutualy relatively prime.

2) H[z] isleft invertible in the sense that there exists B[z] 2 C[z;z *|N M such that B[z]H[z] = In.
A proof of this result can be found in [35] for instance.

The rst condition is directly applicable in practice to resol ve the left invertibility of the polyphase
transfer matrix. Using the following procedure, we can check numerically whether this condition is
satis ed:

0O Extract a maximal sub-matrix He[z] of H[z].

0 Compute det(H¢[z]), and determine its set of roots Se.

O Consider another maximal sub-matrix. Remove from Se the e ements which are not roots of the

determinant of this sub-matrix.

0 Repeat step [0 until S = ; or al maximal sub-matrices have been extracted.

O If Sg = ; then the polyphase transfer matrix is left-invertible; otherwise, it is not.

The corresponding algorithm is easily implemented, leading to extract the roots of a single polynomial

and check the roots of at most ) 1 = m 1 polynomials. If the polyphase matrix is left
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invertible, the number of considered polynomials in practice is usualy much smaller than '\N" 1, this
bound being reached only when the matrix is not invertible. Note that in the case of causal Iters (i.e.
both H[z] and B[z] are polynomial matrices in C[z 1]N M), simpler invertibility conditions exist by
invoking the so-called column-reduced property [44], [45]. Also notice that, one of the advantages of

this algorithm over other methods is that it can be fully numerically implemented.

B. Computation of an inverse FB

The method proposed in Section I11-A only guarantees the existence of a left-inverse, corresponding
to an FIR synthesis FB. Since it does not provide a constructive expression, we now perform the actual
computation of an inverse polyphase transfer matrix. We assume hereafter that H[z] was proven to be
FIR left invertible.

Since the goal isto achieve PR, we search for amatrix B[z] in C[z;z N M such that B[z]H[z] = In
and there exists (p1;p2) 2 N? such that the polyphase transfer function of the synthesis FB reads:
A[z] = P‘?Z: or B(“)z . The resulting overlapping factor of the synthesis Itersis p = py + p» + 1.
When working with Laurent polynomia matrices, these integers p; and p, are a priori unknown, whereas
with polynomial matrices a bound exists [44]. By rewriting the PR property in block convolutional form,

we get the following linear system:

HH =U (7
where
h i . h i
U” = OnipiNs ING Onpoak v 2 RN (4P DNg= — g gy, ;B(p) 2CN MM, (g)
O 1
H(0) Hk 1) 0
and H :E Ech“" (k+p DN. 9)
0 H(0) Hk 1)

As aready mentioned, p1 and p, are unknown, but since the system (7) is supposed invertible, at least
a couple of integers (p1;p2) solving the system exists. The values of p; and p, are actually obtained
by increasing the value of p and looking for every couple satisfying p = p; + p2 + 1, starting with
p = 1. Hence, for a given p, we consider al (pg;p2) inf(p  1;0);(p  2;1);::5;(0;p  1)g. The rst
p alowing a Moore-Penrose pseudo-inverse [46] solution to (7) provides an inverse polyphase transfer

matrix of minimum order.
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C. Hermitian symmetric case

1) Symmetry conditions: It is well known that the Fourier transform of a rea signal is Hermitian
Symmetric (HS): its frequency decomposition is symmetric for the real part and anti-symmetric for the
imaginary part. Conversely, if the coef cients are HS in the f requency domain, then the reconstructed
signal is real. This property is very useful for real data Iter ing, which often consists of removing or
thresholding coef cients in the frequency domain before rec onstructing. Securing the reconstruction of
real-valued signals from the transformed coef cients is thu s a desirable property. In this section, we study
the HS case and its effects on the methods proposed in the previous sections.

The HS property in the synthesis lItersis satised provided tha t, considering any symmetric subband
indices j¢ 2 f0;::;M  1gand M 1 g, for any coef cients (yi(n))o i<m such that yj(n) = 0 if
(i;n) & (g;ng) or (i;n) & (M 1 jg;ng) with ng 2 Z and, such that yj, (ne) = ym 1 j,(Nf), @
real-valued signal is reconstructed. The reconstructed signal reads:

M<l 3k -
B(m) = oo 1ﬁj (M NYy;() =R (M neN)yj(ne) +Am 1 . (M neN)yj, ()

A necessary and suf cient condition for ®(m) 2 R for al yj,(nf) 2 C, is that Rj,(m ne¢N) =

Bm 1 j.(M neN): This condition must be veri ed for any couple of integers (jr; n¢). The condition
on the synthesis lter is then: 8j 2 f0;::;M  1g and 8n 2 Z; Rj(n) = Am 1 j(n): Using (6), we

rewrite the condition as

8*2fF py;unpeg; BAC)=8()Im: (10)
where J\y isthe M M counter-identity matrix:
(O] 1
0 1
Iv = g - g:
1 0

We have supposed here that the transformed coef cients of are al signal exhibit the HS property. In other
words, for any real signal (x(n))nzz, and for any couple (jg; n¢) 2 0;::; M 1g  Z, the output of
the analysis FB veri es. yj. (nf) =ym j, 1(ng): This condition can be rewritten:

X
hj, (M)X(Nn¢g m) = hv j, 1(MX(NNng  m):

Considering a zero input signal x except for one sample, we deduce that hj, (n) = hym j, 1(n); which

is equivalent to

H(*) = JImH(): (11)
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Hence, if the analysis FB veri es Condition (11), then the coef cients after decomposition satisfy the

HS property.
Remark 1: Consider an invertible HS analysis FB. By inserting (11) in the PR condition we get:
mi%;‘)
AN = R(s)ImH(* s):
s=max(‘ k+1; p;1)
h i
It implies that if @ = BA( p1); ;H(EZ) ~ is a solution of the linear system (7) then, under the
I~

HS hypothesis on the analysis FB, H, = WJM; ;A(p2)Jm  is dso a solution of the linear

system. Finally, it follows that the sum: Hfo = (18 + M) is also a solution. Moreover, this solution

veri es Condition (10) by construction.

In other words, we have proved that an invertible HS analysis FB admits at least one HS synthesis FB.
2) Construction method: We suppose here that the analysis FB was proven invertible and that the

matrices H () satisfy Condition (11). Our objective is to build a synthesis FB possessing both the PR

and HS properties.

a) First case: M is even: Flrst we rewrlte Condltlons (10) and (11):

Eﬁ _Fr Fr F!:ZCN m? dFrZCN MO;
(10) > 8° 2T pajiipag; ©) 1(%); 2() 1 and F;
= () = () Iwe

g H(;)ZB Hl(‘) R, lecMo N and HZZCMO N;
(11) , 82 f0;:::k 1g;§ Ha (%)

- Hi(*) = ImeH2(%)
with M? = M=2. Combining these conditions and the PR property, we get:

mi%;‘) mi%;‘)
AN = FL(s)HL(© s)+ HFi(s)32Hi(C  s): (12)

s=max(‘ k+1; p1) s=max(‘ k+1; pi1)
Since J2,, = I mo, the previous equation can be seen as the sum of a complex matrix with its conjugate,

leading to a real matrix. We deduce that
O 1
1 mingp-;*) R S
7 In= IO OF - S
s=max(* k+1; p;) Hi(" s)
where AR is the matrix of the real part of a matrix A and A! is its imaginary part. We will then de ne
the following matrices:

S p): M p); e W) 2RV PV, (13)
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9
and (0] 1
HT(0) HE(k 1) 0
H1(0) Hitk 1) 0
Hs> — 2 RpM (k+pl+p2)N:
0 HE(0) HR(k 1)
0 H1(0) Hik 1)

b) Second case: M isodd : Similarly to the rst case, Conditions (10) and (11) can be rewr itten:
8

h i
2 ) — cy. c\. < ) N MO N Mo'
0) . 8 2F prinpg: O ) e() () s 2CN Mand b 2CN M

~ ML) = H2(")Ime and c1 (%) 2 RN
8 O 1

% H1(*)
HE) = > & Hy; 2CM° N and H, 2CM° N,
(11) , 8“2 0;:;k  1g; ©) gCZ() g 1 and Hp
H2(%)
= Hi() = ImHo() and cp(*) 2 RN

with MY = (M 1)=2. Combining these conditions with the PR equation and following the same

reasoning as in the previous section, we deduce that

o 1
minge:*)
;‘|N= @()p& W(s)gzﬁ%;ig
s=max(‘ k+1; p1)

Subsequently, we introduce in this case the following matrices:

= pl);%%o; lfi( P1); ;%(pz);%pzi); |:|I={(p2) 2 RN PM.

(14)
and o) 1
HE(0) HE(k 1)
C2 )> C2( 1)>
2
1(0) Hik 1)
2 RPM  (k+pi+p2)N.
HE(0) HE (k
)~ ﬂ
2
H1(0) Hitk 1)
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¢) Conclusion : In both even and odd options, we solve a linear system of the same size as the one
of Section I11-B, but with real coef cients in this case. More p recisely, with the introduced notations, we
have: .
h e
HsHs = Us = 5 OnipaNG ING ONco+k DN
The system is then solved, in the same way as in Section I11-B. For increasing values of p (starting with
p = 1), for each couple (p1;p2) 2 N2 such that p = py + p2 + 1 we try to invert the generated system

through a Moore-Penrose pseudo-inversion.

V. OPTIMIZATION
A. Dimension reduction

1) General case: Before addressing the issue of optimization in itself, let us rewrite the linear system
expressing the PR property. The analysis FB is still supposed invertible. Let r be the rank of the matrix
H 2 Ck+pi+p2)N M \We assumed that r < Mp (with p = p1 + p, + 1). Performing a Singular Value
Decomposition [47] (SVD) on this matrix yields H = Uy oV, ; where o 2 C" " is an invertible
diagonal matrix, Uy 2 CNK+P 1) 1 gnd Vo 2 CMP T are semi-unitary matrices (i.e. UyUp = | and
VoVo = Iy). Therefore, there exists Uy 2 CN&*p D) (Nk*p 1) 1) gnd v, 2 cMP (MP 1) gych that
[Ug; Up] and [Vo; V1] are unitary matrices. When an inverse polyphase transfer matrix exists, a particular
solution to (7) is % = HIU ; where H! =V U, is the pseudo-inverse matrix of H. Equation (7)
is then equivalent to Up V(K K% = Oykap 1) n: Since UgUp = I and ¢ is invertible, we get:
Vo( K% =0, . In other words, the columns of 19 19° belong to Ker(V,), the null space of V.
Moreover, it can be easily seen that Ker(V,) is egual to Im(V1). We then obtain the following af ne
form for H:

B =V;C+ 1 (15)

whereCc 2 cMp 1) N,
The construction of a synthesis FB thus amounts to the choice of C. If C = Oqp r) n. then the

obtained synthesis FB is the PI FB. This expression can be further rewritten into a more convenient form

cording to (15) and (8), we can writefor all “ 2 f py;:::;;p20,i 2 F0;::;; N 1lgandj 2 f0;::;; M 1g:
MN 1
Mi;i () = (Vi)e+punC(n; i) + B ();

n=0
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where 19;;(%) , represent the impulse responses of the synthesis FB, lﬁlio;j(‘) , corre-

spond to the PI sgllutio:] and C =[C(n;D]o n<mp ro i<n-Foralj2f0;::;M g, Weplintrofjuce the
matrices H? de ned by: Iq? o = Pﬁlﬂj(‘) foral “2F pg;:5p2gandi 2 F0;:: N 1g. We thus
obtain

Bii ()= ViC+Ry (16)
This equation is used in Section 1V-B1 to simplify the optimization problem raised by the design of the
synthesis FB.

The above expressions are given in the complex case, but they naturally remain valid in the rea case.
This will be illustrated by the rst example of Section V-B3a.

2) Symmetric case: In this section, we adapt the results of the previous section to the HS FB case.
The notations used here are similar to those introduced in Section I11-C2. It is worth noticing that we
can calculate the matrix 19 directly from Ffs, as dened in Section 111-C2 when M is either even or odd,
in the following way:

19 = PrcHi; (17)

where the matrix Prc 2 CPM PM s the bI80k diagonal matrji_x built with the block:

B Imo {Imo <

Jme {JMO

if M =2M" (even case, as seen in Sectjon 111-C2a) and:
o) 1

Imo 0 {lwme
g o P2 o g
JMO 0 {JMO

if M =2M"+1 (odd case, as seen in Section 111-C2b). By applying once again an SVD on Hs, and by

following the same steps as in Section 1V-A1, we end up with an equation similar to (15):
M = vic + R (18)

Note that, according to the properties of the SVD, the matrix C is now real-valued. By noticing that
1o = Prclfso and setting W1 = PrcVy, we nally obtain:

8 = wW,C +19°: (19)

We next dene the matrices (Wj)o j m 1: foral * 2 f pg;iii;ppgandn 2 0;:::;Mp  r 1g:

(Wj)e+pi;n = Wi (F+p1)M +j;n 2 Using (19) as in Section IV-A1l, we get:
i () = W;C + 8 : (20)

“+pai
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B. Optimal solution

1) General form for the cost functions: Depending on the desired properties for the synthesis FB,
severa cost functions can be employed. We rst propose a gene ric cost function formulation and then
provide practical examples based on the Iter time or frequen cy spread, respectively.

Our goal is to optimize the Iter shape given by the coef cients B of the synthesis FB, subject to
the perfect reconstruction property. According to the results in Section IV-A, it is possible to represent
the coef cients in the general case by using (16). The optimiza tion favorably takes place in the reduced
dimension space the matrix C belongs to (compared with the dimension of the space of the coef cients
of R), thus allowing us to reformulate the optimization under a perfect reconstruction constraint as an

unconstrained problem. In this context, the generic cost function form we consider is:

0 2

J(R)=FC) = ——Y 2"
=0 V;C+H;

Hereabove, the following notation has been employed:
8A2CN P, KAKL = > Ai Ao oK (i 1% < <Y);
(CHED)
whereK and ae(N N p p) kernels. Moreover, we assume here that KAk, represents a semi-norm
over CN' P and it is thus real non-negative. Let K be the matrice dened by K1,y joyony = K(i; % ¢ <0
forall (“;<") 2 f0;p  1g° and (i; ") 2 f0;::; N 1g®. Without loss of generality, this matrix can be
taken positive semi-de nite, which implies that K!, <oy oo = Khyonsiaen and, thus, K@i i% <) =

K (1% i; 0; ©): We deduce the following expression:

kAKy = 7 Ai Ao K (i3 1% 4 ) = > A Ao, K (10 ;0 9):
(i) (GIAHD
This relation will be used to simplify some equations in Section IV-C and Appendix C. We nally notice
that K? is a positive de nite Hermitian matrix if and only if kK isanorm.

2) Impulse responses optimization: A rst objective is to obtain impulse responses (fj)o j<m for the
synthesis Iters well-localized, around some time-indices (Mj)o j<m. We now explain the link between
the cost function form introduced in the previous section and the previously described dimension reduction
to further simplify the problem.

The considered cost function is the following:

Mt Cojm myj Ay(m)

Ju(R) = L P
=0 m Aj(m) ’

1
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with 2 R, and Wetgr|1_1,s( tj)o <M 2 (R+)M such that }V'—ll hi=1
85 (m)

If =2andm; = % then Ji(R) represents a weighted sum of the standard temporal
dispersions measuring the time localization of a Iter R; [48]. Combined with (6), we get:
P P 2
M<1 P2 Mol UN i g RN )
J:(R) = Ve P, Py 1 —3
P P . . . 2
_%(l Pz B =\l=01j‘N i m;j K509
- "t P P 2
j=0 bl P :\Iol Ki; (%)

We now introduce the kernels K} and dened by
K1 +ps P+ p) = LN T ) e e (21)
(isi 0‘+pl;‘0+pl)— i< e,
foral j2F0;:::;M 19, ()2 F py1;:::;p2g® and (i;i%) 2 F0;:::; N 1g°. Using (16) we write:

2 02
Bij() = VjC+R;
‘= pp i=0
and
3 . ) N2 02
Vi (‘N i omy)® R (f) = ViC+HRj »
‘= p; i=0 B
Hereabove, k:k reduces to the Frobenius norm. Finally, we deduce that
0 2
Mt ViC+ Ry
Ji(R) = —021 = &(C):
ji=o0  VjC+H;
The constrained minimization of J; is then reexpressed as the unconstrained minimization of ..

3) Frequency response optimization: We proceed similarly to the previous section, for a different cost
function J¢(R). Our goal, dual to that in the previous section, is now to regularize the frequency responses
of the synthesis FB by concentrating the frequency response of each Iter R; around some frequency fj.
This is achieved by minimizing

M1 o] fij B[] d
Jf(ﬁ) — !f;j 1=2+f; J ]

. Ri=2+1 2
=0 1224+, il 1 d

(22)

where 2 R,, (Ttj)o j<m 2 (R)M with 'V' o} 1rj = 1 and, RBj[] is the frequency response of the

jth synthesis lter, dened as

BNt o
8 2[ 1=2;1=2[; B[ ]= 195 ()e 20 (N* i) .
‘= p; i=0
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R 2
T HllTd | o |
When f; = Ris >— the cost function J;(R) represents a classical weighted frequency disper-
T, B[] d
1=2 "
sion measure for the synthesis lters. We then de ne the kernel
fris 0 Z a2+, : i e 2 (NC ) (i)
KjEn +pm+p) =ty 1 Tie d
- J
21:2. . 20 (N(¢ *° i +F.
= It 1_2JJ g A (NC ™) (G PNC+)g - (23)

with (i;i% <) 2 F0; ;N 1g°  F pagiipags.
Remark 2: The examples provided in Section V-B3 are obtained with = 2. In this case, the explicit

expression of the kernel becomes:
8
o : E% ifi=iand ‘="
K15 +p; +p1)=$!f;j( DNC D (g 20 NC ) (D
2 2N(C ) (i3
with (i;i% ;<) 2 F0; N 1g%  F po; i pags.

otherwise

Combining these notations and (16), we have

z 1=2+f1; 8 2 ﬁo 2
es j  Tij B d = V;C+8; :
f;j 1=2+fjJ il Bl ] j ik
Invoking Plancherel’s theorem and the kernel  dened in Section 1V-B2, we obtain:
Z 120+ p b Qi 2 2 02
B[] d = Bij() = VjC+|qj :
l=2+fj ‘= pg i=0

Finally, substituting these expressions in (22) yields

i ViC+Rj if
Ji(R) = > = &(C):

=0 VjC+ ﬁ?

Once again, the constrained optimization problem has been reformulated as an unconstrained one.

C. Gradient optimization

The constrained optimization problem being turned into an unconstrained minimization, we now provide
more details about the minimization algorithm we employ. In this work we have used a simple gradient
agorithm with an adaptive step . The algorithm can be summarized as follows:

O Initialization: Co = 0, n = 0.

U n=1

[0 Computation of D, = r¥(Cp).
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O While $Cn  nDn)  F(Cn), st n 5.

0 Cr1=Cn oD )

O If kCh+1 Cnhk > thenincrement n and go to step O.

The step-size , used here remains large as long as the algorithm is getting closer to alocal minimum
(in other words, as long as $(Cn+1) < F(Cp)). It is only adapted (reduced) to prevent the criterion from
increasing. The initialization with Cy = 0 entails that we consider the pseudo-inverse synthesis FB as the
starting point for the algorithm. In practice, was set to 10 13.

Other step selection strategies exist: constant or optimal steps, steps satisfying Wolfe or Armijo
conditions [49], [50]. The method used in this work is easy to implement and is well-suited to the
different cost functions we have considered, while keeping a reasonable complexity.

As the cost functions considered in this work are not convex, there is no theoretical guarantee that
the algorithm converges to a global minimum. Yet, as is shown in Section V, initializing this method
with the Pl synthesis FB provides quite good results and extensive simulations have con rmed this good
behaviour.

The expression of the gradient for the general cost function is given in Appendix A and is next applied

to §; and 8 in Appendix B.

D. Optimal solution in the symmetric case

1) Cost functions. Using the same notations as in Section IV-B, in the HS case, the following form

of the cost function is found:

0 2

M<t WiC+R;

IR =%KC)=  ——*
i=0 W;C+H;

As in the genera case, (20) has been used to transform the constrained optimization problem on A into
an unconstrained minimization problem on C.
2) Examples of cost functions: Equation (20) is very similar to (16). We consequently dene th e

cost functions in the HS case following the same approach as in Sections 1V-B2 and 1V-B3. Thus, the

following functions are considered:
0 2
M1 W;C + ﬁj

J .
)

Kt
jg(c): 0 2
i=0 W;C+H;
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to concentrate the time localization of impulse responses, and:

0 2
Myl WjC+|qj K
j:(C)= —021;
i=0 W;C+H;

to enhance the frequency selectivity of the lters. Their grad ients are provided in Appendix C.

V. EXAMPLES

As emphasized in the introduction, a wide variety of Iter ban ks and design choices can be made. In
this section, we have chosen to work with three different examples exhibiting interesting properties and

allowing us to show the benets incurred in the proposed inver sion and optimization methods.

A. Considered lter banks

1) Real Lapped Transforms. The study, developed for the general complex case, remains fully ap-
plicable to the design of real Iter banks. As an illustration , we rst consider rea lapped transforms
introduced in the middle of the 90s under the name of GenLOT (generalized linear-phase lapped orthog-
onal transform) [51]. Those transforms generalize the DCT (Discrete Cosine Transform) and the LOT
(lapped orthogonal transform).

To illustrate the inversion method, we have chosen a GenLOT with M = 16 lters of 32 coef cients.
This FB is invertible, in a non standard oversampled use, with parameters N = 8, k = 4 and k" = 2. Its
impulse and frequency responses are represented in Figure 2. This FB is real and does not satisfy the HS
condition. By using the method described in Section I11-B, we nd p; = 3 and p» = 0 (hence p = 4).
The frequency and impulse responses of the synthesis FB computed with the pseudo-inverse are shown
on Figures 3(a) and 4(a).

2) Modulated complex lapped transform: We now consider another analysis FB based on a windowed
generalized Fourier transform, corresponding to a modulated complex lapped transform (MCLT). This
family of FB has been used by Kingsbury [4] or Malvar [7] for applications in video as well as audio

processing. The analysis impulse responses are: hj(n) = E(i; n)ha(n); where

E(i;n) = IEkloNe (@ Do 2Dy,

and (ha(n))1 n kN is an anaysis window. In this paper, we consider two analysis windows. The rst,
de ned by

. n .
8n 2 f1;::;;kKNg;  hg,(n) =sin N1
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Fig. 2. (8 Impulse and (b) frequency responses of a GenLOT analysis FB.

is a standard sine window, employed for examplein [7], [4]. The second (ha,(N))1 n kN, COrresponds to
a zero-phase low-pass Iter with cutoff frequency 2 =(kN), built from a Kaiser window. This window,
with better tapering than h,,, was used for instance in [32]. It is interesting to note that this analysis FB
family, with both analysis windows, satises Condition (11) . In other words, it can be used to illustrate
our approach in the HS case. The method from Section I11-A was employed to verify the invertibility on
this FB, with both analysis windows and parameters N = 8, k = 3 and k' = 7=4. We then compute a
rst synthesis FB with the PI method of Section I111-B. For the anal ysis FB with h,, window, the minimal
parameters p1 = 2 and p, = 0 were abtained. The frequency response of this synthesis FB is represented
in Figure 5(a). In the h,, case, the minimal parameters p; = 2 and p, = 0 were, once again, found when

applying the method of Section Il1-B. An HS synthesis FB is then derived from this Iter bank using
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Fig. 3. First example (with the GenLOT FB of Section V-A1l): frequency response of the synthesis FB obtained (a) through
the pseudo-inverse method and (b) after optimization with cost function &.

the method of Section 111-C2 to directly build an HS synthesis FB. The frequency and impulse responses
of the resulting synthesis FBs, in the h,, case, are shown in Figures 6 and 7, respectively. Figure 6(a)
shows that synthesis Iters present a symmetric behavior for their coef cients (in other words, they have
alinear phase) while the synthesis FB in itself is not HS. We also notice that the frequency selectivity or

time-frequency localization of the Iters obtained through the pseudo-inverse methods is not satisfactory.

B. Optimization examples

1) Kernel parameters:

a) Temporal kernel KJI: It is dened by (21). The parameters m; de ne the (temporal) positions

around which the impulse responses of the jth Iter should be concentrated. To obtain well tapered
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Fig. 4. First example: impulse response of the synthesis FB obtained (a) through the pseudo-inverse method and (b) after
optimization with cost function &.

Iters, we need to concentrate the impulse responses around t he middle of the Iter support. Therefore,
the same parameter was used for al Iters. The support of the It ersbeing f piN N +1;:::;p2Ng,
we have chosen m; as

pzN +1 plN N_
5 :

80 j<M; m;=m=

In our design example, has been st to 2.

b) Frequency kernel Kjf: It is de ned by (23). The parameters f; represent the reduced frequencies
around which we want to concentrate the frequency responses of the synthesis Iters. More precisely,
we chose fj such that it is centered inside the bandwidth of the analysis Iter h;. The exponent has

been set to 2.
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Fig. 5. Second example (in the MCLT case with window ha, ): frequency responses of synthesis lters (a) before and (b) afte r

optimization with the cost function §.

c) Weight parameters: In the proposed cost functions, the parameters 1.; and !+,; control the relative
importance of the different Itersin the optimization proce ss. For the following examples we have chosen
equal weights:

8] 210;::5M  1g; Yj =Yg = %:
In other words, we aim at obtaining synthesis Iters with simi lar behavior.

2) Computation time: In Section IV-A, we have seen how to parameterize the system and thus
how to reduce the dimension of the optimization problem. To evaluate the gain resulting from this
parameterization, Matlab programs were written to compare the solutions of the constrained problem,
using function f m ncon, with the solutions of the unconstrained problem, using function f m nunc
and using the gradient method explained in Section 1V-C. The two functions f m ncon and f mi nunc
were chosen as examples of optimization implementation, while the gradient procedure can be easily

applied in different languages without requiring Matlab. These programs were tested with the analysis
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Fig. 6. Modulus of the impulse responses of the synthesis FBs (in the MCLT case with h,, window): (8) pseudo-inverse and
(b) symmetric version with the method of Section I11-C2.

FB introduced in Section V-A2 with the h,, window and the following parameters. overlap factor k = 3,
redundancy k” = 7=4 and downsampling N 2 f4;8;16g. The cost function used was J; (as de ned
in Section 1V-B2). Table | shows the computation time for the different methods on a computer with
2:16GHz Intel Core2 T7400 CPU and 2Gb of RAM.

TABLE |

COMPUTATION TIME TO OPTIMIZE A SYNTHESIS FB WITH DIFFERENT METHODS USING MATLAB.

IN=4|nN=8|N=156]

Constrained optimization (with f m ncon) 1:2s 120s 8800s
Unconstrained optimization (with f m nunc) 0:04s 0:7s 8s
Unconstrained optimization (gradient algorithm) 0:06s 0:6s 7s

A rst interesting result is that al three methods, starting from the same FB, converge to almost
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Fig. 7. Frequency responses of the synthesis FBs (in the MCLT case with ha, window): () pseudo-inverse and (b) symmetric
version with the method of Section I11-C2.

identical synthesis FBs. The computation times are however very different: more than two hours (with
N = 16) for the constrained optimization against a few seconds for the unconstrained optimizations. We
can also notice that the gradient algorithm is as fast as the f mi nunc Matlab function. This shows that
the optimization method can be easily implemented, through a gradient algorithm, with no performance
loss and without having to resort to the f m nunc Matlab function®. In other words, this last result
indicates that in some applicative contexts in which Matlab is not available the optimization method can
still be easily and ef ciently implemented.

3) Examples of optimized FBs: In this section, we present optimization results’ obtained with the

different FBs introduced in Section V-A and using the different proposed cost functions.

This fairly sophisticated function uses an interior-re ective Newton metho d [52].

2A matlab toolbox for FB optimization is available here: http://www.laurent-duval .eu/misc-research-codes.html
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a) General case: We have applied the optimization method on the rea FB introduced in Sec-
tion V-A1 with parameters: N = 8, k = 4 and k! = 2. The employed cost function is &. The result is
shown in Figure 4(b), the coef cients before optimization (ob tained with the pseudo-inverse method) are
also displayed. It is clear that the impulse responses of optimized Iters are better concentrated around
the middle of the support. Figure 3 illustrates that the gain in time localization does not entail a too
severe loss in frequency selectivity of the optimized Iters.

A second optimization example is given using an MCLT FB with analysis window h,, and parameters
N =8, k = 3 and k’ = 7=4. The resulting frequency responses after optimization with cost function §
are represented in Figure 5(b). We observe that the frequency responses after optimization exhibit more
regularity and an improved selectivity. The proposed cost functions take into account all synthesis lters
at once. It therefore interesting to look more closely at each Iter independently and determine whether
the optimization leads to better results. In Table I, the frequency dispersion of each Iter is reported
before and after optimization with cost function 8. In this case, the overall frequency dispersion of the

optimized Iters has been noticeably improved and spread var iability has been drastically reduced.

TABLE Il

FREQUENCY DISPERSION OF THE SYNTHESIS FILTERS OPTIMIZED WITH COST FUNCTION §.

’ Filter ‘ Freq. disp. H Filter ‘ Freq. disp.

flo 0:0290 APt | 0:0111
i, 0:0851 APt | 0:0110
i 0:0569 APt | 0:0109
fis 0:0606 APt | 00112
fla 0:0658 Pt | 0:0110
fis 0:0596 APt | 0:0109
Bl 0:0363 At | 0:0111
fi; 0:0156 APt | 0:0111
fi 0:0411 APt 0:0109
iy 0:0231 APt | 0:0110
10 0:0508 ac%t | 0:0112
A1 0:0499 Akt 0:0110
A1, 0:0574 A%t | 0:0109
13 0:0521 A%t | 0:0111
Sum | 0:6833 0:1544
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