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ABSTRACT

Signals and images in industrial applications are often subject to strong disturbances and thus require robust
methods for their analysis. Since these data are often non-stationary, time-scale or time-frequency tools have
demonstrated eﬀectiveness in their handling. More speciﬁcally, wavelet transforms and other ﬁlter bank generalizations are particularly suitable, due to their discrete implementation. We have recently investigated a speciﬁc
family of ﬁlter banks, the M -band dual-tree wavelet, which provides state of the art performance for image
restoration. It generalizes an Hilbert pair based decomposition structure, ﬁrst proposed by N. Kingsbury and
further investigated by I. Selesnick. In this work, we apply this frame decomposition to the analysis of two
examples of signals and images in an industrial context: detection of structures and noises in geophysical images
and the comparison of direct and indirect measurements resulting from engine combustion.
Keywords: M -band wavelets, Hilbert transform, Dual-tree, Image denoising, Direction analysis.

1. INTRODUCTION
Digital signals and images require eﬃcient tools for their analysis. In industrial applications, they are often
corrupted by noises, errors or disturbances from diﬀerent sources, and some attention has to be paid to the use
of robust methods. The latters should take also into account classical properties of the data, for instance their
non-stationarity. As a consequence, time-scale or time-frequency tools have proven to be particularly useful for
these tasks. Amongst these tools, the standard discrete wavelet transform (DWT) has been shown to be very
eﬀective both in theory and practice1 in the processing of certain types of signals, for instance piecewise smooth
signals, having a ﬁnite number of discontinuities. The DWT implements a form of multiscale analysis, based
on successive average/detail type approximations of data. Its most traditional structure relies on a critically
sampled or decimated 2-channel ﬁlter bank with perfect reconstruction. This decimated structure is particularly
eﬃcient for coding applications; for instance in the ongoing standardization of the JPEG 2000 format for image
compression. Meanwhile, other processing applications such as data analysis, denoising, detection or restoration
often require improvements over the DWT, to overcome its limitations.
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One of the most stricking drawbacks of the DWT relates in one dimension (1D) to the time origin of signals:
due to the presence of non shift-invariant operators (the down- and up-samplers), integer time-shifted versions of
a signal yield wavelet coeﬃcients which are not shifted accordingly, except at power-of-two time-shifts, depending
on the number of resolution levels in the transform. After subsequent processing in the wavelet domain, this
results in shift-variant artifacts near jumps or edges in signals or images, which are not desirable in real-world
applications since time-shifts are not controlled. In 1D, these artifacts can be avoided or limited by suppressing all
(see e.g.2, 3 and references therein) or part of the decimators in the transform. As a large majority of proposed
solutions to that drawback, limited decimation results in an increased redundancy of the overall transform,
making the processing computationally intensive. For instance, for signals of length N , discrete shift-invariant
or stationary wavelets typically cost O(N log N ) instead of O(N ) for DWTs. Industrial applications have used
this approach, such as the denoising of a feedback signal for a DC motor with low delay.4 The same artiﬁcial
behaviour arises in higher dimensions, but the additional expense then often becomes intractable.
A second drawback further limits the DWT and its most natural redundant extension: tensor products of
wavelets usually possess poor directionality in dimensions greater than one. In images, the DWT separates easily
horizontal and vertical features, but the diagonal ones generally appear intertwined. This eﬀect constrains the
DWT sensitivity in image denoising or feature extraction. Several approaches to overcome this limitation have
been developed in the last years, most of them involving a combination of redundancy and improved directionality; for instance: other wavelet frames,5 bandelets,6 curvelets,7 directionlets,8 as well as other “geometrical”
wavelets... Some of these approaches bear a relative amount of complexity. A less expensive design resorts to
the union and adequate combination of two traditional wavelet bases: the dual-tree discrete wavelet transform,
proposed by N. Kingsbury9 and further addressed by I. Selesnick.10 It is based on two parallel classical wavelet
trees, where corresponding wavelets are approximate reciprocate Hilbert transforms. Combinations of Hilbert
and wavelets transforms has been recognized in earlier works11, 12 and rediscovered recently.13–16
The third drawback concerns design limitations in two-band decompositions, which heavily constrain the
properties of ﬁlters. In some applications, it is desirable to use real, orthogonal and symmetric ﬁlters with
compact supports. The Haar wavelet is the only trivial and somewhat restricted solution in the DWT case.
Filter banks with improved properties can be obtained with M -band ﬁlter banks and wavelets,17–19 with practical
applications.
In recent works, we have investigated the development of a dual-tree M -band wavelet decomposition, which
reveals a tractable tool for image denoising and restoration. It combines the properties and noise robustness of
the 2-band dual-tree wavelet20 with an increased directional selectivity and reduced aliasing from M -band ﬁlter
banks. This paper aims at presenting two of its industrial applications for the analysis of 1D engine-related
signals and 2D geophysical images. The targeted purpose is the extraction of features from signals and images
from a very practical standpoint. For more theoretical results including optimal transform construction and
extensive results on natural images in simulated noise conditions, we refer to other published material.21
The paper is organized as follows. In Section 2 we motivate our work starting from M -band ﬁlter banks in a
general form, with emphasis on uniform design and M -band wavelets. We brieﬂy review the construction of the
M -band dual-tree wavelet transform in Section 3, and also illustrate some of the designed wavelets. Section 4
focuses on two applications: the ﬁrst one relates to the analysis of seismic images and the separation of features
and disturbances into diﬀerent orientations and frequency bands. The second one addresses the comparison of
engine combustion signals coming from direct and indirect measurements, with expensive and low-cost sensors
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Figure 1. Basic two-level discrete wavelet decomposition based on two one-level stages.
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Figure 2. General one-level ﬁlter bank stage.

respectively. The proposed method is particularly eﬃcient for the analysis of both types of data due to their
oscillatory (or directional in 2D) nature. Their relatively low complexity in implementation makes them very
appropriate for these applications. Conclusions and perspectives are provided in Section 5.

2. GENERAL M -BAND FILTER BANKS AND WAVELETS THEORY
2.1. Motivations
Traditional discrete dyadic wavelet transforms can be implemented in several ways. The most standard one is
akin to the splitting property of the wavelet transform into low- and high-pass components∗ . Loosely speaking,
its building block consists in a low-pass and a high-pass ﬁlter associated in parallel, each one followed by a
two-fold decimation or downsampling operator, as represented in Fig. 1. The ﬁlter coeﬃcients are denoted by
the sequences (hm [k])k∈Z , here with m ∈ {0, 1}, which are assumed square summable. We will consider that
these sequences are real-valued. The Fourier transform of (hm [k])k∈Z is a 2π-periodic function, denoted by Hm .
From this basic one-level wavelet stage, one can derive the necessary and suﬃcient conditions for the two
ﬁlters to satisfy the so-called perfect reconstruction properties. Usually, the wavelet transform results from the
iteration of one-level stages following each low-pass branch (as displayed in Fig. 1), which yields the well-known
multiscale representation, dividing the frequency axis into dyadic frequency intervals. The practical usefulness
of this representation in many data processing tasks is attributed in early works to its relationships with audio
or visual perception, and to the wavelet ability to detect singularities, at least in 1D.
The discrete wavelet decomposition has been very successful in several domains, including industrial applications,22 as illustrated by the adoption of wavelets in the forthcoming compression standard JPEG 2000.
Nevertheless, the dyadic structure is not the most appropriate in some cases. Amendments to the DWT, like
wavelet packets, add ﬂexibility to the octave decomposition, as demonstrated in the FBI compression standard
for ﬁngerprints,23 which are regarded as medium-frequency images. But due to the relatively tight relationship between the low-pass and the high-pass ﬁlters, aliasing distortions may appear when processing both the
wavelet or wavelet packets coeﬃcients, e.g. in compression or denoising, where some coeﬃcients are cancelled or
∗

Other implementations include the lifting scheme, Fourier-based algorithms or polyphase representations.
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Figure 3. General one-level critically sampled M -band ﬁlter bank stage.

shrinked.24 A possible solution lies in relaxing some constraints on the one-level wavelet stage depicted in Figure
1 by adding more branches with more ﬁlters and modifying the sampling factors. These modiﬁcations yield more
general multirate systems or ﬁlter banks,25, 26 which may comprise several stages of the one-level block depicted
in Figure 2, with M branches and arbitrary integer decimation factors km , m ∈ {0, . . . , M − 1}.
This general setting includes usual critically sampled ﬁlter banks, as well as oversampled ones,27, 28 which are
useful in communications. In many applications, it is more tractable to limit the freedom in the multirate system
design. A wealth of results can be obtained by simply using M ﬁlters in parallel, with a decimation factor of
M , i.e. M -band ﬁlter banks (Fig. 3). These ﬁlter banks (FBs) yield a rich family of basis functions, including
Discrete Cosine/Sine Transforms, Walsh-Paley-Hadamard functions, Malvar’s Lapped Orthogonal Transforms17
(LOTs) and their extensions.19 With appropriate design, M -band FBs, M > 2, generally possess sharper
frequency than in the dyadic case, resulting in reduced sensitivity to aliasing problems. Moreover, the ﬁlters can
be orthogonal, symmetric (or anti-symmetric) and real with compact support. Yet, these attractive properties
can be enhanced by adding some multiresolution to the overvall transform.18

2.2. M -band wavelets
M -band wavelets practically derive from the cascade of M -band FBs iterated over the low-pass decimated
stage. We focus here on 1D signals belonging to the space L2 (R) of square integrable functions. An M -band
multiresolution analysis18 of L2 (R) is deﬁned by one scaling function (or father wavelet) ψ0 ∈ L2 (R) and (M − 1)
mother wavelets ψm ∈ L2 (R), m ∈ {1, . . . , M − 1}. These functions satisfy the following scaling equations:
∞

t
1
hm [k]ψ0 (t − k).
∀m ∈ {0, . . . , M − 1}, √ ψm ( ) =
M
M
k=−∞

In the frequency domain, Equation (1) can be re-expressed as:
√
∀m ∈ {0, . . . , M − 1}, M ψm (M ω) = Hm (ω)ψ0 (ω),

(1)

(2)

−1
−j/2
ψm (M −j t −
where 
a denotes the Fourier transform of a function a. For the set of functions ∪M
m=1 {M
k), (j, k) ∈ Z2 } to correspond to an orthonormal basis of L2 (R), the following para-unitarity conditions must
hold:
M
−1

2π
2π ∗
∀(m, m ) ∈ {0, . . . , M − 1}2 ,
Hm (ω + p )Hm
(3)
) = M δm−m ,
 (ω + p
M
M
p=0

where δm = 1 if m = 0 and 0 otherwise. The ﬁlter with frequency response H0 is associated to a low-pass ﬁlter,
whereas usually the ﬁlter with frequency response Hm , m ∈ {1, . . . , M − 2} (resp. m = M − 1) is band-pass
(resp. high-pass). In this case, cascading the M -band para-unitary analysis and synthesis FBs, depicted in the
upper branch in Fig. 3, allows us to decompose and reconstruct perfectly a given signal.
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Figure 4. A pair of analysis and synthesis M -band para-unitary ﬁlter banks.

3. DUAL-TREE M -BAND WAVELETS
3.1. Construction of dual-tree M -band wavelets
More detail concerning this section can be found in our previous paper.21 We brieﬂy review the construction
of the dual-tree representation. As mentioned before, standard critically decimated M -band wavelets are shiftvariant. To overcome this diﬃculty, N. Kingsbury29 and later I. Selesnick30 have proposed a dual structure
based on two DWT trees whose corresponding wavelets form approximate Hilbert pairs. This implementation is
detailed in a tutorial paper20 by I. Selesnick et al.. We present its generalization in the M -band form.
H
A “dual” M -band multiresolution analysis is deﬁned by a scaling function ψ0H and mother wavelets ψm
,
m ∈ {1, . . . , M − 1}. More precisely, the mother wavelets are obtained by a Hilbert transform from the primal
wavelets ψm , m ∈ {1, . . . , M − 1} deﬁned in Section 2.2. In the Fourier domain, the desired property reads:
H
(ω) = −ı sign(ω)ψ
ψm
m (ω),

∀m ∈ {1, . . . , M − 1},

(4)

where sign is the signum function deﬁned as:
⎧
⎪
⎪
1
⎪
⎨
sign(ω) =

0
⎪
⎪
⎪
⎩−1

if ω > 0
if ω = 0

(5)

if ω < 0.

As it is common in wavelet theory, Equation (4), as well as all equalities in the paper involving square integrable
H
are deﬁned by scaling equations similar to
functions, holds almost everywhere. Furthermore, the functions ψm
(1) involving real-valued sequences (gm [k])k∈Z :
∀m ∈ {0, . . . , M − 1},
∞

1
H t
√ ψm
( )=
gm [k]ψ0H (t − k)
M
M
k=−∞
√
H
⇐⇒ M ψm (M ω) = Gm (ω)ψ0H (ω).
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Figure 5. One dimensional primal (left) and dual (right) wavelets.

In order to generate a dual M -band orthonormal wavelet basis of L2 (R), the Fourier transforms Gm of the
sequences (gm [k])k∈Z must also satisfy the para-unitarity conditions:
∀(m, m ) ∈ {0, . . . , M − 1}2 ,

M
−1


Gm (ω + p

p=0

2π ∗
2π
)Gm (ω + p ) = M δm−m .
M
M

(8)

The corresponding para-unitary Hilbert FBs are illustrated by the lower branch in Fig. 4.
The Hilbert condition (4) yields
H
(ω)| = |ψm (ω)|.
|ψm

∀m ∈ {1, . . . , M − 1},

(9)

If we further impose that |ψ0H (ω)| = |ψ0 (ω)|, the scaling equations (2) and (7) lead to
∀m ∈ {0, . . . , M − 1},

Gm (ω) = e−ıθm (ω) Hm (ω),

(10)

where θm is 2π-periodic. The choice of the phase functions is detailed elsewhere.21 Figure 5 represents the
resulting primal and dual wavelets for a 4-band ﬁlter bank31 in 1D. A linear combination of the two trees results
in the 2D wavelets displayed in Figure 6. The following section details the resulting analysis of two types of
real-world noisy data. Extensive results on noise-free data are also provided in a preceding work.21

4. APPLICATIONS
4.1. Application to geophysical image analysis
The complexity of seismic data still challenge signal processing algorithms in several applications. If we focus on
signal processing, one of the most interesting methods arising from geophysical problems is the wavelet transform,
ﬁrst proposed by J. Morlet et al. in the 1980s. Wavelets have ﬁnally proven successful for about 10 years in
several areas of geosciences, including denoising, deconvolution or migration. Meanwhile, new tools generalizing
wavelets have been developed in other research or engineering ﬁelds, especially in signal or image processing.
Such tools may be useful in geosciences, provided they are adapted to the nature of seismic information. As
a recent example of such a transfer, a 2-band dual-tree wavelet was applied to seismic migration.32 Based on
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Figure 6. Two dimensional primal (left) and dual (right) wavelets.

experiments and observations on seismic data compression, more general transforms have been considered for
seismic data, for instance lapped transforms33 or multi-channel ﬁlter banks. Those transforms generally yield
a better representation of seismic data than wavelets, due to their short overlapping oscillatory basis functions.
On the other hand, the Hilbert transform and complex representations of seismic signals have proven to be very
eﬀective, especially for attribute deﬁnition. Figure 7 represents an example of a seismic image obtained from
waves reﬂected on a subsurface structure. The layering represents diﬀerent geological strata.
Its decomposition with a 4-channel dual-tree ﬁlter bank is represented in Fig. 8, top and bottom for both
orientations. For each orientation, the top-left subimage is the low-pass projection of the decomposition. Horizontally oriented features are represented from top to bottom with increasing frequencies, and vertically oriented
features accordingly from left to right.
From its decomposition with a 4-channel dual-tree ﬁlter bank (Fig. 8 top and bottom for both orientations),
oriented patterns due to processing artifacts can be observed on speciﬁc subbands (for instance on the third row,
third column of the top subimage). Fine scale information on apparently hidden structures is also apparent from
the bottom left of the fourth row, fourth column of the bottom subimage. Since these data are already corrupted
by noise, ﬁltering in subbands should be partly supervised.

4.2. Application to engine combustion signals
For engine applications, it becomes crucial to detect combustion information in the cylinder to optimize working
conditions with respect to consumption and emission reduction. A typical engine block is depicted on Fig. 9-left.
Combustion information can be retrieved by using instrumentation in-cylinder pressure sensors. Nevertheless,
their price and the environment hostility limit their practical use outside engine test beds. A typical pressure
signal (tapered with a raised-cosine window) is represented in solid black on Fig. 9-right. A more cost eﬀective
approach consists in using accelerometers located on the engine surface. The engine vibration signal is represented
in dotted red on Fig. 9-right. Its vibratory nature is related to the transmission of the fast pressure variations in
the cylinder through the engine block. It exhibits non-stationary features due to diﬀerent kind of disturbances.
Transient waves generated by these sources often overlap and the challenge is to detect the components of the
vibration signal associated to the combustion only. In this application, we aim at extracting band-pass envelopes
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Figure 7. Geophysical stack image.

of both signals to match their common behaviour, which is not directly apparent from the signals themselves.
Figure 10 represents a simple 2-channel dual-tree wavelet packet decomposition. This decomposition merely
iterates the primal and dual FBs. The top row represents the magnitude of both pressure and vibration signals.
Each successive row depicts the envelope calculated from the cumulated energy of the subbands in the primal
and the dual tree. While the second row does not exhibit an apparent match between the envelopes, the second
subimage on the third row seems to display common magnitude trends in both signals, as well as some similar
peaks positions in the envelope. This agreement is further reﬁned on the fourth subimage in the last row:
for the ﬁrst samples at least (which correspond to a band-pass subsampled version of the signal envelope), we
ﬁnd a good match between the peak locations in both signals, indicating closely related energy releases for both
phenomena. In this application, the approximate shift-invariance of the transform, as well as its noise robustness,
are particularly interesting.

5. CONCLUSIONS
M -band dual-tree wavelets have recently enriched the panel of signal and image analysis methods. They yield
improved performance in image ﬁltering and restoration over the DWT and dyadic dual-tree wavelets. They
are suitable to industrial contexts due to their relatively low complexity and their robustness to noises. Their
application to geophysical image analysis and engine combustion signals is promising for feature extraction and
change detection. The authors would like to thank the conference chairs for inviting this communication and
Andry Rakotoarimanana for the implementation of the dual-tree wavelet packets.
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Figure 8. Example of a 4-band dual-tree decomposition for the stack image from Fig. 7, for the primal (top) and the
dual tree (bottom).
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Figure 9. Engine block (left) and associated pressure (solid black) and vibration (dotted red) signals.

Figure 10. A 3-level dual-tree wavelet packet decomposition of a pressure (solid black) and a vibration signal (dotted
red) exhibiting envelope correlations at speciﬁc levels.
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