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ImageAnalysisUsing a Dual-TreeM -Band
Wavelet Transform

CarolineChaux,StudentMember, LaurentDuval, Memberand
Jean-ChristophePesquet,SeniorMember, IEEE

Abstract— We proposea 2D generalizationto the M -band case
of the dual-tr ee decomposition structur e (initially proposedby
N. Kingsbury and further investigated by I. Selesnick) based
on a Hilbert pair of wavelets. We particularly address (i) the
construction of the dual basis and (ii ) the resulting dir ectional
analysis. We also revisit the necessarypre-processingstage in
the M -band case. While several reconstructions are possible
becauseof the redundancy of the representation, we propose
a new optimal signal reconstruction technique, which minimizes
potential estimation errors. The effectivenessof the proposedM -
band decomposition is demonstrated via denoising comparisons
on several image types (natural, texture, seismics),with various
M -band wavelets and thr esholding strategies. Signi�cant im-
provementsin terms of both overall noisereduction and dir ection
preservation are observed.

Index Terms— Wavelets, M -band �lter banks, Hilbert trans-
form, Dual-tr ee, Image denoising,Dir ection selection.

I . INTRODUCTION

The classicaldiscretewavelet transform(DWT) provides
a meansof implementing a multiscale analysis, basedon
a critically sampled�lter bank with perfect reconstruction.
It has been shown to be very effective both theoretically
and practically [3] in the processingof certain classesof
signals,for instancepiecewise smoothsignals,having a �nite
number of discontinuities.But, while decimatedtransforms
yield good compressionperformance,other data processing
applications(analysis,denoising,detection)oftenrequiremore
sophisticatedschemesthanDWT.

One �rst drawback usually limiting the practical perfor-
manceof DWT algorithmsis their shift-variancewith respect
to the value of the transformedcoef�cients at a given scale.
It often results in shift-variant edgeartifacts at the vicinity
of jumps,which are not desirablein real-world applications,
signaldelaysbeingrarely known.

A seconddrawbackarisesin dimensionsgreaterthan one:
tensor products of standardwavelets usually possesspoor
directionalproperties.The laterproblemis sensitive in feature
detectionor denoisingapplications.A vast majority of the
proposedsolutionsrelies on addingsomeredundancy to the
transform.Redundancy basedon shift-invariantwavelet trans-
forms (see [4], [5] and referencestherein) suppressesshift
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L. Duval is with the Institut Français du Pétrole, Technology, Computer
ScienceandApplied MathematicsDivision, 92500Rueil Malmaison,France.
E-mail: laurent.duval@ifp.fr .

dependencies,at the expenseof an increasedcomputational
cost, which often becomesintractablein higher dimensions.
Lesscomputationally-expensive approacheshave beendevel-
opedon complex �lters for realsignals(we refer to [6] for an
overview anddesignexamples),or by employing otherwavelet
frames[7]. For instance,it is possibleto resortto theconcate-
nation of several wavelet bases.One of the most promising
decompositionis the dual-tree discrete wavelet transform,
proposedby N. Kingsbury [8]: two classicalwavelet trees
are developedin parallel, with �lters forming (approximate)
Hilbert pairs. Advantagesof Hilbert pairs had been earlier
recognizedby other authors [9]. In the complex case,the
resulting analysis yields a redundancy of only 2d for d-
dimensionalsignals,with a much lower shift sensitivity and
better directionality in 2D than the DWT. The design of
dual-tree�lters is addressedin [10] throughan approximate
Hilbert pair formulation for the “dual” wavelets.I. Selesnick
also proposedthe double-densityDWT and combinedboth
frame approaches[11]. The phaseletextensionof the dual-
tree DWT has been recently introducedby R. Gopinath in
[12]. More recently, several authors have also proposeda
projectionschemewith an explicit control of the redundancy
or with speci�c �lter bankstructures[13], [14]. Finally, other
works on the blendingof analytic signalsand waveletsmust
be mentioned[15], [16], in thecontext of denoisingor higher
dimensionsignal processing.Recentdevelopmentsbasedon
“geometrical” wavelets are not mentionedhere, in spite of
their relevance.

A third drawback concernsdesignlimitations in two-band
decompositions:orthogonality, realness,symmetry, compact-
nessof the supportandotherproperties(regularity, vanishing
moments)compete.The relative sparsityof good �lter banks
amongstall possiblesolutions is also well-known. In order
to improve both designfreedomand �lter behavior, M -band
�lter banksandwaveletshave beenproposed[17]–[19].

Improving on our previous work [1], we proposethe con-
struction of a 2D dual-treeM -band wavelet decomposition.
The organizationof the paper is as follow: in Section II,
we investigatethe theoreticalconditionsfor the construction
of M -bandHilbert pairs. In SectionIII, we extend previous
resultson thepre-processingstageto theM -bandcontext and
illustratethedirectionextractionwith theconstructedwavelets.
Sinceseveral reconstructionsarepossible,due to the decom-
position redundancy, we then proposean optimal pseudo-
inversebasedframe reconstruction,which allows to reduce
the effects of coef�cient estimationerrors. Implementation
issuesarediscussedin SectionIV. In SectionV, we consider
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imagedenoisingapplicationsandprovide experimentalresults
showing signi�cant improvements in terms of both noise
reductionand direction preservation. Conclusionsare drawn
in SectionVI.

I I . CONSTRUCTION OF M -BAND HILBERT PAIRS

A. Problemstatement

In this section,we will focus on 1D signalsbelongingto
the spaceL2(R) of squareintegrable functions. Let M be
an integer greaterthan or equalto 2. Recall that an M -band
multiresolutionanalysisof L2(R) is de�ned by one scaling
function (or fatherwavelet)  0 2 L2(R) and(M � 1) mother
wavelets  m 2 L2(R), m 2 f 1; : : : ; M � 1g [18]. These
functionsaresolutionsof the following scalingequations:

8m 2 f 0; : : : ; M � 1g;

1
p

M
 m (

t
M

) =
1X

k= �1

hm [k] 0(t � k); (1)

wherethe sequences(hm [k])k2 Z aresquareintegrable.In the
following, we will assumethat thesefunctions(and thus the
associatedsequences(hm [k])k2 Z ) arereal-valued.TheFourier
transformof (hm [k])k2 Z is a 2� -periodic function, denoted
by Hm . Thus, in the frequency domain,Eq. (1) can be re-
expressedas:

8m 2 f 0; : : : ; M � 1g;
p

M b m (M ! ) = Hm (! ) b 0(! ); (2)

whereba denotestheFourier transformof a functiona. For the
set of functions [ M � 1

m =1 f M � j =2 m (M � j t � k); (j; k) 2 Z2g
to correspondto anorthonormalbasisof L2(R), thefollowing
para-unitarityconditionsmusthold:

8(m; m0) 2 f 0; : : : ; M � 1g2;
M � 1X

p=0

Hm (! + p
2�
M

)H �
m 0(! + p

2�
M

) = M � m � m 0; (3)

where � m = 1 if m = 0 and 0 otherwise.The �lter with
frequency responseH 0 is low-passwhereasusually the �lter
with frequency responseH m , m 2 f 1; : : : ; M � 2g (resp.m =
M � 1) is band-pass(resp.high-pass).In this case,cascading
the M -bandpara-unitaryanalysisand synthesis�lter banks,
depictedin theupperbranchin Fig. 1, allows usto decompose
andto reconstructperfectlya given signal.

Our objective is to constructa “dual” M -bandmultireso-
lution analysisde�ned by a scalingfunction  H

0 and mother
wavelets H

m , m 2 f 1; : : : ; M � 1g. More precisely, themother
wavelets will be obtainedby a Hilbert transform from the
“original” wavelets m , m 2 f 1; : : : ; M � 1g. In the Fourier
domain,the desiredpropertyreads:

8m 2 f 1; : : : ; M � 1g; b H
m (! ) = � { sign(! ) b m (! ); (4)

wheresign is the signumfunction de�ned as:

sign(! ) =

8
><

>:

1 if ! > 0

0 if ! = 0
� 1 if ! < 0.

(5)

As it is common in wavelet theory, Eq. (4), as well as all
equalitiesin the paperinvolving squareintegrablefunctions,
holdsalmosteverywhere(that is, for all ! 62
 where
 is a
real setof zeromeasure).

Furthermore, the functions  H
m are de�ned by scaling

equations similar to (1) involving real-valued sequences
(gm [k])k2 Z :

8m 2 f 0; : : : ; M � 1g;

1
p

M
 H

m (
t

M
) =

1X

k= �1

gm [k] H
0 (t � k) (6)

( )
p

M b H
m (M ! ) = Gm (! ) b H

0 (! ): (7)

In order to generatea dual M -band orthonormal wavelet
basisof L2(R), the Fourier transformsGm of the sequences
(gm [k])k2 Z mustalsosatisfy the para-unitarityconditions:

8(m; m0) 2 f 0; : : : ; M � 1g2;
M � 1X

p=0

Gm (! + p
2�
M

)G�
m 0(! + p

2�
M

) = M � m � m 0: (8)

The correspondingpara-unitaryHilbert �lter banksare illus-
tratedby the lower branchin Fig. 1.

B. Suf�cient conditionsfor obtainingdual decompositions

The Hilbert condition (4) yields

8m 2 f 1; : : : ; M � 1g; j b H
m (! )j = j b m (! )j: (9)

If we further impose that j b H
0 (! )j = j b 0(! )j; the scaling

equations(2) and(7) leadto

8m 2 f 0; : : : ; M � 1g; Gm (! ) = e� {� m ( ! ) Hm (! ); (10)

where� m is 2� -periodic.The phasefunctions� m shouldalso
be odd (for real �lters) and thus only needto be determined
over [0; � ].

For any (m; m0) 2 f 0; : : : ; M � 1g2 with m < m0,
let (Pm;m 0) denotethe following assumption:The function
� m;m 0 = � m 0 � � m is suchthat, for (almost)all ! 2 [0; 2� [,

� m;m 0(! +
2�
M

) = � m;m 0(! ) (mod 2� ): (11)

AssumingthatEq. (3) is satis�ed, it is thenstraightforward
to verify that the para-unitarityconditions (8) for the dual
�lter bank hold if (Pm;m 0) holds. We are then able to state
the following result:

Proposition1: AssumethatConditions(10) hold. A neces-
saryandsuf�cient conditionfor Eq. (4) to be satis�ed is that
thereexists ~� 0 = � 0 (mod 2� ) suchthat

� (! ) =
1X

i =1

~� 0

� !
M i

�
(12)

is a convergentseriesand,8m 2 f 1; : : : ; M � 1g,

~� 0;m

� !
M

�
+ � (! ) =

�
2

sign(! ) (mod 2� ) (13)

where ~� 0;m = � m � ~� 0.
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Proof: Given that b 0(0) = 1, for m = 0 Eq. (2) is
equivalent to

b 0(! ) =
1Y

i =1

[
1

p
M

H0(
!

M i )]: (14)

Similarly, we have for the “dual” scalingfunction:

b H
0 (! ) =

1Y

i =1

[
1

p
M

G0(
!

M i )]: (15)

Furthermore,the expressionsof the Fourier transformsof the
motherwaveletsand “dual” motherwaveletscanbe deduced
from Eqs. (2) and (7). Consequently, Condition (4) may be
rewritten as8m 2 f 1; : : : ; M � 1g,

Gm (
!
M

)
1Y

i =2

[
1

p
M

G0(
!

M i )] =

� { sign(! )Hm (
!
M

)
1Y

i =2

[
1

p
M

H0(
!

M i )]: (16)

Using Eq. (10), we seethat the above relation is veri�ed if
andonly if thereexists ~� 0 = � 0 (mod 2� ) suchthat

8m 2 f 1; : : : ; M � 1g;

� m (
!
M

) +
1X

i =2

~� 0(
!

M i ) =
�
2

sign(! ) (mod 2� )

wherethe involved seriesis convergent.The above equation
is obviously equivalent to Eq. (13).

Eqs.(13)and(12)constitutea generalizationto theM -band
caseof a famousresultby Selesnick[10] restrictedto dyadic
wavelets.One can remarkthat the convergencepropertiesof
theseries� (! ) areonly relatedto thebehaviour of ~� 0 around
the origin since! =M i ! 0 asi ! 1 . It is alsoworth noting
thatthefunction� is givenby thefollowing “additive” scaling
equation:

� (! ) = �
� !

M

�
+ ~� 0

� !
M

�
: (17)

C. Linear phasesolution

In the 2-bandcase(underweakassumptions),~� 0 verifying
Eqs. (13) and (12) is a linear function on [� � ; � [ [10]. In
the M -bandcase,we will slightly restrict this constrainton a
smallerinterval by imposing:

8! 2 [0; 2� =M [; ~� 0(! ) = 
 ! ; (18)

where 
 2 R. This choiceclearly guaranteesthat the series
� (! ) is convergent. Using Eq. (17), after somecalculations
which areprovidedin AppendixI, the following resultcanbe
proved:

Proposition2: Underthethreeconditions(10), (P0;m )m � 1

and(18), the solutions(modulo2� ) to Eq. (13) aregiven by

8m 2 f 1; : : : ; M � 1g;

~� 0;m (! ) =

8
<

:

�
2

� (d +
1
2

)M ! if ! 2 ]0;
2�
M

[,

0 if ! = 0.
(19)

and 8p 2
n

0; : : : ;
l

M
2

m
� 1

o
; 8! 2

h
p2�

M ; (p + 1) 2�
M

h
,

~� 0(! ) = (d +
1
2

)(M � 1) ! � p� ; (20)

whered 2 Z anddue denotesthe upperinteger part of a real
u.

The integer d de�nes a possiblearbitrary delay between
the �lters of the original anddual decompositions.Up to this
delay, Proposition2 statesthat, subject to (10), (P0;m )m � 1

and(18), thereexists a uniquesolution to Eq. (13). It should
also be noted that except for the 2-band case, ~� 0 exhibits
discontinuitieson ]0; � [ due to the p� term (see Fig. 2).
Thesediscontinuitieshowever occurat zerosof the frequency
responseof the lowpass�lter sincewe have H 0(2p� =M ) = 0,
for all p 2 f 1; : : : ; M � 1g [18].

We subsequentlydeduce the following corollary of the
above proposition:

Proposition3: Para-unitaryM -bandHilbert �lter banksare
obtainedby choosingthe phasefunctionsde�ned by Eq. (20)
and

8m 2 f 1; : : : ; M � 1g;

� m (! ) =

8
<

:

�
2

�
�

d +
1
2

�
! if ! 2 ]0; 2� [;

0 if ! = 0;
(21)

whered 2 Z. Then,thescalingfunctionassociatedto thedual
wavelet decompositionis suchthat

8k 2 N; 8! 2 [2k� ; 2(k + 1)� [;
b H

0 (! ) = (� 1)k e� {(d+ 1
2 ) ! b 0(! ): (22)

Proof: It is readily shown that, if ~� 0 is given by
Eq. (20), ~� 0;m is a 2� =M -periodicfunctionsatisfying(almost
everywhere)Eq. (19) if and only if the functions � m , m 2
f 1; : : : ; M � 1g, are expressedby Eq. (21) (modulo 2� ).
Then,we concludefrom Proposition2 that the phasesgiven
by Eqs. (20)-(21) allow us to satisfy the Hilbert condition
(13). Furthermore,the functions � m , m 2 f 1; : : : ; M � 1g,
being all equal, the paraunitaryconditions (Pm;m 0)m 0>m � 0

areobviously ful�lled. Accordingto Eqs.(12), (14) and(15),
b H

0 (! ) = e� {� ( ! ) b 0(! ). When ~� 0 takes the form (20), the
expressionof � is given by Eq. (65) in Appendix I, thus
yielding Eq. (22).
Note that in the dyadic case,necessaryand suf�cient condi-
tions have beenfound for the linear phaseproperty[20].

D. Compactsupport

Compactlysupportedwaveletsare obtainedwith FIR (Fi-
nite Impulse Response)�lters. However, if the �lters with
frequency responsesH m (! ) with m 2 f 1; : : : ; M � 1g areFIR
(i.e. Hm (! ) is a Laurentpolynomial in e{! ), the dual �lters
with frequency responsesGm (! ) cannotbe FIR. Indeed,the
! =2 termin Eq.(21)preventsGm (! ) from beingapolynomial
or even a rationalfunction in e{! . WhenM is even,a similar
argumentholdsshowing that the low-pass�lter G0(! ) cannot
beFIR if theprimal oneis FIR andEq. (20) is satis�ed.When
M is odd,the jumpsof � arisingfor ~� 0 at frequencies2p� =M
with p 2 f 1; : : : ; M � 1g allow usto draw thesameconclusion.
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In otherwords,startingfrom orthonormalcompactlysupported
scalingfunctions/wavelets,it is not possibleto generatedual
basisfunctionshaving a compactsupport.However, thestudy
of approximateFIR Hilbert pairssatisfyingperfectreconstruc-
tion hasbeenaddressedby several authorsin the dyadiccase
[21], [8].

E. Symmetryproperties

As alreadypointedout, one of the main advantageof the
M -band casewith M > 2 is to allow the constructionof
non-trivial real orthonormalbaseswith compactsupportand
symmetric(or antisymmetric)wavelets.Assumethat symme-
try propertiesare ful�lled for the primal �lter bank.We now
show that thedual �lters andwaveletsinherit theseproperties.
Indeed,it canbe proved (seeAppendix II) that:

Proposition4: Let phaseconditions(20), (21) be satis�ed.
If thelow-passimpulseresponse(h0[k])k2 Z is symmetricw.r.t.
k0 2 1

2 Z, and, for m 2 f 1; : : : ; M � 1g, (hm [k])k2 Z is sym-
metric (resp.antisymmetric)w.r.t. km 2 1

2 Z, then (g0[k])k2 Z

is symmetricw.r.t. k0 + (d + 1
2 )(M � 1) and (gm [k])k2 Z is

antisymmetric(resp.symmetric)w.r.t. km � d � 1
2 .

Undertheassumptionsof theabove proposition,Eqs.(14) and
(2) allow us to claim that  0 is symmetricw.r.t.

� =
k0

M � 1
(23)

and, for m 2 f 1; : : : ; M � 1g,  m is symmetric (resp.
antisymmetric)w.r.t. (� + km )=M . Then,it is easilydeduced
from Eqs.(22) and(4) that  H

0 is symmetricw.r.t. � + d+ 1=2
and, for m 2 f 1; : : : ; M � 1g,  H

m is antisymmetric(resp.
symmetric)w.r.t. (� + km )=M .

I I I . EXTENSION TO 2D DUAL-TREE M -BAND WAVELET

ANALYSIS

A. 2D Decomposition

Two-dimensionalseparableM -bandwavelet basescan be
deducedfrom the 1D dual-tree decompositionderived in
Section II. The so-obtainedbasesof L2(R2) (the spaceof
squareintegrablefunctionsde�ned on R2) are

J[

j = �1

[

(m;m 0)
6=(0 ;0)

f M � j  m (
x

M j � k) m 0(
y

M j � l ); (k; l ) 2 Z2g

[
f M � J  0(

x
M J � k) 0(

y
M J � l ); (k; l ) 2 Z2g (24)

J[

j = �1

[

(m;m 0)
6=(0 ;0)

f M � j  H
m (

x
M j � k) H

m 0(
y

M j � l ); (k; l ) 2 Z2g

[
f M � J  H

0 (
x

M J � k) H
0 (

y
M J � l ); (k; l ) 2 Z2g (25)

whereJ 2 Z is the consideredcoarsestdecompositionlevel.
A discreteimplementationof thesewavelet decompositions
starts from level j = 1 to J 2 N� . As pointed out in the
seminal works of Kingsbury and Selesnick,it is however
advantageousto add some pre- and post-processingto this
decomposition.The pre-processingaims at establishingthe

connectionbetweenthe analogtheoreticalframework and its
discrete-timeimplementationwhereasthe post-processingis
usedto provide directionalanalysisfeaturesto the decompo-
sition. We will now revisit theseproblemsin the context of
M -banddecompositions.

Theproposed2D M -banddual-treedecompositionis illus-
trated in Fig. 3. For the sake of simplicity, only two levels
of decomposition(J = 2) are representedbut this transform
can be implementedover further levels, the approximation
coef�cients being re-decomposediteratively. For eachof the
two M -banddecompositions,wegetJ � M 2 � J + 1 subbands.
We observe that the 2D dual-tree decompositioncan be
divided into threestepswhich aredetailedhereafter.

1) Pre�ltering: The wavelet transform is a continuous-
spaceformalismthat we want to apply to a “discrete” image.
We considerthat theanalogscenecorrespondsto the2D �eld:

f (x; y) =
X

k ;l

f [k; l ] s(x � k; y � l ) (26)

wheres is someinterpolationfunction and(f [k; l ]) (k ;l )2 Z2 is
the imagesamplesequence.Let usprojectthe imageonto the
approximationspace

V0 = Spanf  0(x � k) 0(y � l ); (k; l ) 2 Z2g: (27)

The projectionof f reads

PV0 (f (x; y)) =
X

k ;l

c0;0;0[k; l ]  0(x � k)  0(y � l ) (28)

wherethe approximationcoef�cients are

c0;0;0[k; l ] = hf (x; y);  0(x � k)  0(y � l )i (29)

andh; i denotesthe inner productof L2(R2). Using Eq. (26)
we obtain:

c0;0;0[k; l ] =
X

p;q

f [p;q] 
 s; 	 0; 0 (k � p; l � q) (30)

where 	 0;0(x; y) =  0(x) 0(y) and 
 s; 	 0; 0 is the cross-
correlationfunction de�ned as


 s; 	 0; 0 (x; y) =
Z 1

�1

Z 1

�1
s(u; v)	 0;0(u � x; v � y) du dv:

(31)
In the sameway, we can project the analogimageonto the
dual approximationspace

V H
0 = Spanf 	 H

0;0(x � k; y � l ); (k; l ) 2 Z2g (32)

where	 H
0;0(x; y) =  H

0 (x) H
0 (y). We have then

PV H
0

(f (x; y)) =
X

k ;l

cH
0;0;0[k; l ] 	 H

0;0(x � k; y � l )

wherethe dual approximationcoef�cients aregiven by

cH
0;0;0[k; l ] =

X

p;q

f jp;q] 
 s; 	 H
0; 0

(k � p; l � q): (33)

Obviously, Eq. (30) and (33) can be interpretedas the use
of two pre�lters on the discreteimage(f [k; l ]) (k ;l )2 Z2 before
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the dual-treedecomposition.The frequency responseof these
�lters are

F1(! x ; ! y ) =
1X

p= �1

1X

q= �1

bs(! x + 2p� ; ! y + 2q� )

b �
0 (! x + 2p� ) b �

0 (! y + 2q� ) (34)

F2(! x ; ! y ) =
1X

p= �1

1X

q= �1

bs(! x + 2p� ; ! y + 2q� )

( b H
0 (! x + 2p� )) � ( b H

0 (! y + 2q� )) � : (35)

By usingEq. (22), it canbenoticedthat,whenbs is compactly
supportedon [� � ; � [2, for all (! x ; ! y ) 2 [� � ; � [2,

F2(! x ; ! y ) = e{(d+1 =2)( ! x + ! y ) F1(! x ; ! y ): (36)

Differentkindsof interpolationfunctionsmaybeenvisaged,in
particularseparablefunctionsof theform s(x; y) = � (x)� (y).
The two pre�lters are then separablewith impulseresponses
(
 �; 0 (p)
 �; 0 (q)) (p;q)2 Z2 and (
 �; H

0
(p)
 �; H

0
(q)) (p;q)2 Z2 ,

respectively. A natural choice for � is the Shannon-Nyquist
interpolationfunction,� (t) = sinc(� t), whichallows theideal
digital-to-analogconversionof a band-limitedsignal.We have
then, for (! x ; ! y ) 2 [� � ; � [2, F1(! x ; ! y ) = b �

0 (! x ) b �
0 (! y ).

Moreover, in the speci�c case when  0 also corresponds
to an ideal low-pass �lter , that is  0(t) = sinc(� t), the
pre�lter for the primal decompositionreducesto the iden-
tity (F1(! x ; ! y ) = 1) whereasthe pre�lter for the dual
decompositionis anhalf-integershift with frequency response
F2(! x ; ! y ) = e{(d+1 =2)( ! x + ! y ) , for (! x ; ! y ) 2 [� � ; � [2.

2) M -bandwaveletdecompositions:TheM -bandmultires-
olution analysisof the �rst pre�ltered image is performed,
resultingin coef�cients

cj;m;m 0[k; l ] = hf (x; y);
1

M j  m (
x

M j � k) m 0(
y

M j � l )i
(37)

where(j 2 f 1; : : : ; J g and (m; m0) 6= (0; 0)) or (j = J and
m = m0 = 0). In parallel, the dual decompositionof the
secondpre�ltered imageis computed,generatingcoef�cients

cH
j;m;m 0[k; l ] = hf (x; y);

1
M j  H

m (
x

M j � k) H
m 0(

y
M j � l )i :

(38)
3) Directionextraction in the different subbands:In order

to betterextract the local directionspresentin the image,it is
usefulto introducelinearcombinationsof theprimal anddual
subbands.To do so, we de�ne the analyticwaveletsas

 a
m (t) =

1
p

2
( m (t) + {  H

m (t)) ; m 2 f 0; : : : ; M � 1g

(39)
and the anti-analyticwaveletsas

 �a
m (t) =

1
p

2
( m (t) � {  H

m (t)) ; m 2 f 0; : : : ; M � 1g:

(40)
Let us now calculate the tensor product of two analytic
wavelets  a

m and  a
m 0. More precisely, we are interestedin

the real part of this tensorproduct:

	 a
m;m 0(x; y) = Ref  a

m (x) a
m 0(y)g

=
1
2

�
 m (x) m 0(y) �  H

m (x) H
m 0(y)

�
: (41)

For (m; m0) 2 f 1; : : : ; M � 1g2, using Eq. (4), the Fourier
transformof this function is seento be equalto

b	 a
m;m 0(! x ; ! y ) =

1
2

(1 + sign(! x ! y )) b m (! x ) b m 0(! y )

=
�

b m (! x ) b m 0(! y ) if sign(! x ) = sign(! y );
0 if sign(! x ) 6= sign(! y ):

(42)

As illustratedin Fig. 4, this function allows us to extract the
“directions” falling in the �rst/third quarterof the frequency
plane.

In the sameway, the real part of the tensorproductof an
analyticwavelet andan anti-analyticonereads

	 �a
m;m 0(x; y) = Ref  a

m (y) �a
m 0(x)g (43)

and,for (m; m0) 2 f 1; : : : ; M � 1g2, its Fourier transformis

b	 �a
m;m 0(! x ; ! y ) = (44)

�
b m (! x ) b m 0(! y ) if sign(! x ) 6= sign(! y );
0 if sign(! x ) = sign(! y ):

Fig. 4 shows that thesefunctionsallow us to selectfrequency
componentswhich are localizedin the second/fourthquarter
of the frequency plane.This yields “opposite” directionsto
thoseobtainedwith 	 a

m;m 0.
At a givenresolutionlevel j , for eachsubband(m; m0) with

m 6= 0 and m0 6= 0, the directionalanalysisis achieved by
computingthe coef�cients

dj;m;m 0[k; l ] =
p

2hf (x; y);
1

M j 	 �a
m;m 0(

x
M j � k;

y
M j � l )i

(45)

dH
j;m;m 0[k; l ] =

p
2hf (x; y);

1
M j 	 a

m;m 0(
x

M j � k;
y

M j � l )i :

(46)

According to Eqs. (39), (41), (40) and (43), we have for all
(m; m0) 2 f 1; : : : ; M � 1g2,

dj;m;m 0[k; l ] =
1

p
2

(cj;m;m 0[k; l ] + cH
j;m;m 0[k; l ]) (47)

dH
j;m;m 0[k; l ] =

1
p

2
(cj;m;m 0[k; l ] � cH

j;m;m 0[k; l ]) (48)

which amountsto applying a simple 2 � 2 isometry to the
M -band wavelet coef�cients. Note that Relations (42) and
(44) arenot valid for horizontalor vertical low-passsubbands
suchthat m = 0 or m0 = 0. The correspondingcoef�cients
are left unchangedby settingdj;m;m 0[k; l ] = cj;m;m 0[k; l ] and
dH

j;m;m 0[k; l ] = cH
j;m;m 0[k; l ].

To illustrate the improved directionalanalysisprovided by
the proposeddecompositions,the basis functions used in a
3-banddual-treestructureareshown in Fig. 5.

B. Reconstruction

Let us denoteby f 2 `2(Z2) the vector of imagesamples
where`2(Z2) is the spaceof �nite-energy 2D discrete�elds.
Besides,we denoteby c the vector of coef�cients generated
by theprimal M -banddecompositionandby cH thevectorof
coef�cients producedby the dual one. Thesevectorsconsist
of M 2J � J + 1 sequenceseachbelongingto `2(Z2). The
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linear combinationof the subbandsdescribedin SectionIII-
A.3 canbe omitted in the subsequentanalysissincewe have
seenthat this post-processingreducesto a trivial 2� 2 orthog-
onal transform.The global decompositionoperator(including
decompositionsteps1 and2) is

D : f 7!
�

c
cH

�
=

�
D 1 f
D 2 f

�
(49)

where D 1 = U 1F1 and D 2 = U 2F2 , F1 and F2 being
the pre�ltering operationsdescribedin Section III-A.1 and
U 1 and U 2 being the two consideredorthogonalM -band
wavelet decompositions.We have then the following result
whoseproof is provided in Appendix III:

Proposition5: Provided that thereexist positive constants
As , Bs, Cs and A  0 such that, for (almost) all (! x ; ! y ) 2
[� � ; � [2,

As � jbs(! x ; ! y )j � Bs; j b 0(! x )j � A  0 (50)
X

(p;q)6=(0 ;0)

jbs(! x + 2p� ; ! y + 2q� )j2 � Cs < A2
sA4

 0
(51)

D is a frame operator. The “dual” frame reconstruction
operatoris given by1

f = (F1
yF1 + F2

yF2 )� 1 (F1
yU 1

� 1c + F2
yU 2

� 1cH ) (52)

whereT y designatesthe adjoint of an operatorT .
A particularcaseof interestis whenf s(x � k; y� l ); (k; l ) 2

Z2g is an orthonormal family of L2(R2). We then haveP
p;q jbs(! x + 2p� ; ! y + 2q� )j2 = 1 andconsequentlywe can

chooseBs = 1. The lower boundsAs and A  0 prevent bs
and b 0 from vanishingfor low frequencieswhereasEq. (51)
controlsthe amountof energy of bs out of the frequency band
[� 1=2; 1=2[2. Note that the assumptionson s are obviously
satis�ed by the Shannon-Nyquistinterpolationfunction.

Although other reconstructionsof f from (c; cH ) could be
envisaged,Formula (52) minimizes the impact of possible
errors in the computationof the wavelet coef�cients. For
example,theseerrorsmay arisein the estimationprocedures
whena denoisingapplicationis considered.Finally, it is worth
pointing out that Eq. (52) is not dif�cult to implementsince
U 1

� 1 andU 2
� 1 are the inverseM -bandwavelet transforms

and F1
y, F2

y and (F1
yF1 + F2

yF2 )� 1 correspondto �l-
tering with frequency responsesF �

1 (! x ; ! y ), F �
2 (! x ; ! y ) and

(jF1(! x ; ! y )j2 + jF2(! x ; ! y )j2)� 1, respectively.

IV. IMPLEMENTATION AND DESIGN ISSUES

A. M -bandwaveletand �lter bank families

In our experiments,theadvantageof thedual-treedecompo-
sitionhasbeentestedoverseveralclassicaldyadicorthonormal
wavelet bases.Sincewe are interestedin its M -bandgener-
alization, several other M -band �lter banksdecompositions
have beenconsidered,including both M -band wavelets and
lappedtransforms(we refer to [23], [24] for more detailson
�lter banksregularity):

1Here “dual” is meant in the senseof the frame theory [22] which is
different from the sensegiven in the restof the paper.

� Primal wavelets with compactsupport: the �rst exam-
ple consistsin four �nite impulse response(FIR) 16-
tap �lters (denotedas AC in [25]), generatingregular,
orthonormalandsymmetricbasisfunctions.The scaling
function and the waveletsassociatedto the dual 4-band
�lter bankarerepresentedin Fig. 6. We observe that the
constructeddual waveletspossessregularity and satisfy
the symmetrypropertiesstatedin Proposition4. We also
have constructedandtesteddual waveletsfrom standard
symmletsaswell asa 4-channelmodulatedlappedtrans-
form [17].

� Primal waveletswithout compactsupport:we have con-
structed M -band generalizationsof Meyer's wavelets.
The corresponding�lters possessa good frequency se-
lectivity. To implement these �lters, we have used a
methodsimilar to thatdevelopedin [26]. Takingthesame
wavelet family with a differentnumberof bandshelpsin
providing fair assessmenton the bene�ts of using more
channels.

B. Frequency-domainimplementation

Two solutions are possible to implement a wavelet de-
composition:a time-domainor a frequency-domainapproach.
The �rst one is probably the most popular for classical
wavelet decompositionswhenwaveletswith compactsupport
areused.Sometimeshowever, especiallyfor waveletshaving
an in�nite support(for instanceorthonormalsplinewavelets),
a frequency-domainimplementationis oftenpreferable,taking
advantageof FFT algorithms[27] (seealso[28] for a thorough
discussionof theseproblems).In particular, FFTs are used
to compute Fractional Spline Wavelet Transform [29] and
also to implement steerablepyramids [30]. In the caseof
dual-tree decompositions,we have noticed in Section II-
D that, when the primal wavelets are compactlysupported,
the dual ones are not. If a time-domainimplementationis
chosen,it thenbecomesnecessaryto approximatethe in�nite
impulseresponsesof the dual �lter bank by �nite sequences
satisfyingconstraintsrelatedto the para-unitarityconditions,
symmetry, number of vanishing moments,etc. The result-
ing optimal designproblem may becomeinvolved and, for
a good approximationof the ideal dual responses,it may
happenthat the obtainedsolutionsonly approximatelysatisfy
the para-unitarityconditionswhich correspondto non-convex
constraints.In spiteof thesedif�culties, suchanapproachwas
followed in [31] which is approximatein the senseof the
Hilbert transformand symmetryand in one of our previous
work [1]. For the simulationsin this paper, frequency-domain
implementationshave beenadopted.They may provide better
numericalsolutionsin thecontext of dual-treedecompositions.
In this case,both convolutionsanddecimations/interpolations
areperformedin the frequency domain.

V. APPLICATION TO DENOISING

The 2-band multidimensionnaldual-treecomplex wavelet
transformhasalreadybeenproved to be useful in denoising
problems,in particular for video processing[32] or satellite
imaging [33]. In this part, we show that M -band dual-tree
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wavelet transformsalso demonstrategood performancesin
image denoisingand outperform existing methodssuch as
thoserelying on classicalM -bandwavelet transforms(M �
2) or even 2-band dual-treewavelet transforms.We will be
mainly interestedin applicationsinvolving imagescontaining
directionalinformationandtexture-like behavior suchasseis-
mic images.

A. Denoisingproblem

In this part, we will considerthe estimationof an image
s, corruptedby an additive zero-meanwhite Gaussiannoiseb
with power spectrumdensity� 2. The observed imagef (x; y)
is thereforegiven by: f (x; y) = s(x; y) + b(x; y). We will
denoteby (bj;m;m 0[k; l ])k ;l the coef�cients resulting from a
2D M -band wavelet decompositionof the noise in a given
subband(j; m; m0). Theassociatedwaveletcoef�cients of the
dual decompositionare denotedby (bH

j;m;m 0[k; l ])k ;l . These
sequencesare white zero-meanGaussianwith variance� 2.
Besides,we have for all (k; l ) 2 Z2,

Ef bj;m;m 0[k; l ]bH
j;m;m 0[k; l ]g =

Z

R4
Ef b(x; y)b(x0; y0)g

1
M j  m (

x
M j � k) m 0(

y
M j � l )

1
M j  H

m (
x0

M j � k) H
m 0(

y0

M j � l ) dxdydx0dy0 (53)

whereEf b(x; y)b(x0; y0)g = � 2 � (x � x0)� (y � y0) (� is the
Dirac distribution). After some straightforward calculations
whenm 6= 0 or m0 6= 0, this yields

Ef bj;m;m 0[k; l ]bH
j;m;m 0[k; l ]g = 0: (54)

It is deducedthat,whenm 6= 0 or m0 6= 0, theGaussianvector
(bj;m;m 0[k; l ] bH

j;m;m 0[k; l ])T hasindependentcomponents.
The varianceof thenoisemay be unknown. In sucha case,

we usea robustestimator�̂ of � which is computedfrom the
wavelets coef�cients at scalej = 1 in a high-passsubband
(see[3, p. 447]):

�̂ =
1

0:6745
median[(jc1;M � 1;M � 1[k; l ]j)(k ;l ) ]: (55)

B. Thresholding

Various thresholdingtechniqueshave beenapplied on the
wavelet coef�cients of the observed imagef . Although many
choicesof estimatorscan be envisaged,we have studiedthe
following ones:

� Visushrink (see [34]) de�ned by the “universal” hard
thresholdT = �

p
2 ln(N ), N being the numberof

pixels of the original image.
� Hybrid SUREshrink [35], [36]. This subband-adaptive

thresholdtechniquerelies on Stein's UnbiasedRisk Es-
timate and usesa soft thresholding.As a result, if the
signal to noise ratio is very small, the SURE estimate
may becomeunreliable.If sucha situationis detected,a
universalthresholdis used.

� CaiandSilvermanestimator[37]. Thisblock thresholding
approachexploits correlationsbetweenneighboringcoef-
�cients. In our work, we usea variantof theNeighBlock
method.

� BivariateShrinkage[38]. This methodexploits the inter-
scaledependenciesi.e. relationsbetweenthe coef�cients
and their parents.

C. Mesuresof performance

Let N be the numberof points in the observed image f ,
� s the standarddeviation of s. We de�ne two signal-to-noise
ratios,denotedby SNR, as:

SNRinitial = 10 log10

�
� 2

s N
ks � f k2

�

SNR�nal = 10 log10

�
� 2

s N
ks � ŝk2

�
(56)

whereŝ is the estimatedimage.
Visual comparisonsare provided as well, sinceSNR does

not alwaysfaithfully accountsfor imagequality, especiallyin
highly structuredareas(textures,edges,...)

D. Experimentalresults

Testshave beencarriedout on a varietyof imagescorrupted
by anadditive zero-meanwhite Gaussiannoise.We have con-
sideredtwo possiblesituations: �rst, whenthenoisevariance
is known and second,when it is not. In the latter case,the
noisevarianceis estimatedwith the robust medianestimator
asde�ned in Eq. (55). The noisy imageis decomposedvia an
M -bandDWT or an M -bandDual-TreeTransform(DTT) in
the2, 3 and4-bandcases.For eachdecomposition,thenumber
of decompositionlevels is �x ed so as to get approximation
imageshaving roughlythesamesizeat thecoarsestresolution.
This meansthat2-banddecompositionsarecarriedout over 4
resolution,whereas3 or 4-banddecompositionsareperformed
over 2 resolution levels. Under theseconditions, the com-
putationalcostsof the different M -banddecompositionsare
comparable.Different wavelet families have beentested,the
providedresultscorrespondingto theuseof Meyer's wavelets
[26]. For various noise levels, the valuesof the SNR's are
obtainedfrom a MonteCarlostudyover tennoiserealizations.

Since we addressmore speci�cally the ability of the M -
band DTT to preserve featuresin speci�c directions,com-
parisonsare madeon the following three imagescontaining
rich directionalcontents:a high frequency texturedimage,the
standardBarbaraimage and a set of 2D seismicdata with
orientedpatterns.

� We have �rst applied our method on a 512 � 512
directional texture image (Straw D15 image from the
Brodatzalbum) corruptedby anadditivezero-meanwhite
Gaussiannoise.
The obtainedSNR's (in dB) for three different initial
noiselevelsarelistedin Tab. I. We observe for this image
that,by increasingthenumberof bandsM , thedenoising
results are improved in almost all casesfor the DWT
(sometimesonly marginally) and signi�cantly in almost
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all casesfor the DTT. Furthermore,the DTT clearly
leadsto an improvementof the denoisingperformance
comparedwith the DWT, whatever the initial SNR or
the thresholdselectionmethod is. We remark that the
more dramaticimprovementover DWT is observed for
Visushrink,which doesnot performvery well compared
with SURE, NeighBlock or Bivariate. Resultsare also
relatively consistentbetween the top (noise variance
known) and the bottom of the table (noise variance
unknown), which is importantin real applicationswhere
noisestatisticsoften have to be estimatedfrom the data.
Fig. 7 also illustratesthat, comparedwith other decom-
positions,the DTT with M = 4 leadsto sharpervisual
results and reducedartifacts. It can be seen from the
bottom left corner that a 4-bandDTT (Fig. 7d) better
preservesthe thin lines that areoften blurredor merged
in the othercroppedimages.

� Second,we have performedthe samedenoisingtestson
the 512� 512 8-bit Barbaraimage.The obtainedSNR's
(in dB) are listed in Tab. II.
For this image,weobservethat,by increasingthenumber
of bandsM , thedenoisingresultsareimprovedin almost
all casesboth for the DWT and the DTT. Furthermore,
theDTT clearlyoutperformstheDWT, asin the textured
imagecase.
Fig. 8 representsa zoomon a leg with a regular texture.
This illustratesthat,comparedwith otherdecompositions,
the 4-bandDTT leads to better visual results.Fig. 8a
correspondingto the 2-band DWT is strongly blurred.
Detailsarebetterpreserved in the 4-banddecomposition
(Fig. 8b), but it clearly appearsthat the texture with an
apparentangleof � =4 is heavily corruptedby patternsin
theoppositedirection,dueto themixing in the“diagonal”
subband.Although Fig. 8c remainsblurry, thereis much
lessdirectionalmixture in both DTT decompositions.

� Finally, wehavetestedourmethodona512� 512seismic
image displayed in Fig. 9a. The data exhibits mostly
horizontal structuresas well as other directions which
are important to the geophysicistfor the underground
analysis.
Similarly to previous cases,the seismic image is cor-
ruptedby anadditive white Gaussiannoise.Theobtained
denoisingresultsare listed in Tab. III.
We observe that in mostof thecases,denoisingimproves
objectively with the increaseof the numberof bandsM ,
with DWT andDTT as well. Again, the bestresultsare
obtainedwith both dual-treeand a 4-bandwavelet, but
the gainover traditionalDWT is sometimessmallerthan
in the previous example, for instancefor NeighBlock
shrinkage.It shouldbenotedthattheoriginal imageis not
noise-freein general.SNR measuresare thereforemore
dif�cult to interpret. The existenceof prior noise may
explaintherelatively weakerSNRincreasebetweenDWT
andDTT, sincedenoisingmayattemptto removeboththe
addedandtheoriginal noise,andthusthedenoisedimage
straysaway from the original noisy data.
Fig. 9b representstheoriginaldatacorruptedwith a -2 dB
additive noise.Figs. 9c-d displaythe resultswith 2- and

4-bandDTT respectively. Someof the oblique features
(e.g. on the top-right corner) that are almost hidden in
the noisy imagebecomeapparentin both the 2- and the
4-bandDTT. We observe for this image that denoising
results are more satisfactory with a 4-band than with
a 2-band DTT: the 2-band denoising image possesses
largerblurredareas,especiallyin weaklyenergeticzones.
Carefulexaminationalsoindicatesa reducedpresenceof
mosquitoeffects in the 4-bandcase.

We have experimentedthe DTT denoisingalgorithm on
other image sets.Dual-treeM -bandstructureswith M > 2
generallyoutperformexistingwaveletdecompositionsin terms
of SNR. We shall remark that visual improvement is not
alwaysperceptiblein imageareaswith weakdirectionality.

E. Basischoice

The previous sectionfocusedon the comparisonbetween
DWT andDTT with M -bandMeyerwavelets,for differentim-
ages,noiselevels and thresholdselectionmethods.Choosing
a singlewavelet family allowed us to provide a relatively fair
comparisonconcerningthe choiceof the different aforemen-
tionedcharacteristicsbut it alsoappearsinterestingto evaluate
thein�uence of thedecomposition�lters. Amongstavarietyof
choices,we have tested2-bandsymmlets(with length8), the
basic 4-bandModulatedLappedTransform(MLT, see[17])
and �nally , Alkin and Caglar 4-band �lter bank [25]. The
resultsconcerningMeyer's waveletscanbe found in previous
tables.

The resultsreportedin Tab. IV show the superiorityof the
M -bandDTT (with M > 1) over M -bandDWT or 2-band
DTT, in particularwhenthe popularsymmletsareemployed.
There is however no family which always leadsto the best
results.We remark indeed that DT MLT or AC DTT may
lead to slightly improved resultscomparedwith Meyer DTT,
but the bestchoiceoften dependson the image.

VI . CONCLUSION

Motivatedby applicationswheredirectionalselectivity is of
maininterest,wehaveproposedanextensionof existingworks
on Hilbert transform pairs of dyadic orthonormalwavelets
to the M -band case.In this context, we have pointed out
that, when several wavelet decompositionsare performedin
parallel,specialcareshouldbe taken concerningtheir imple-
mentation,by designingappropriatepre- andpost-processing
stages.Since the decompositionis redundant,an optimal
reconstructionhasalsobeenproposed.

By taking advantageof the Hilbert pair conditionsandM -
bandfeatureswhich offer additionaldegreesof freedom,this
new transformhasbeenappliedto imagedenoising.Various
simulationshave allowed us to concludethat dual-treede-
compositionswith morethantwo bandsgenerallyoutperform
discreteorthonormalwaveletdecompositionsanddyadicdual-
treerepresentations.

Encouragedby theseresults,we will considerfurther im-
provementswith other�lter bankdesigns,includingregularity,
aswell asapplicationsof dual-treeM -bandwaveletsto other
signaland imageprocessingtasks,especiallyin seismics.
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APPENDIX I
PROOF OF PROPOSITION 2:

Assuming that ~� 0 veri�es the linearity relation (18) and
using the fact that it is an odd function, we �nd that

8 ! 2] � 2� ; 2� [;

� (! ) =
1X

i =1

~� 0(
!

M i ) = 

!
M

1X

i =0

1
M i =


 !
M � 1

: (57)

We deducefrom Eq. (13) that, for all m 2 f 1; : : : ; M � 1g,

8 ! 2] �
2�
M

;
2�
M

[

~� 0;m (! ) =
�
2

sign(! ) �

 ! M
M � 1

(mod 2� ): (58)

Furthermore,accordingto Condition(P0;m ),

8 ! 2] �
2�
M

; 0] ~� 0;m (! +
2�
M

) = ~� 0;m (! ) (mod 2� ):
(59)

This allows us to claim that thereexists d 2 Z suchthat


 = (d +
1
2

)(M � 1): (60)

This leadsto theexpressionof ~� 0;m in Eq. (19). As ~� 0;m is a
2� =M -periodic function, it is fully de�ned by its expression
on [0; 2�

M [. In contrast,we have to determinetheexpressionof
~� 0 outsidethe interval ] � 2�

M ; 2�
M [. Using Eqs (13) and (17),

we obtain,for all m 2 f 0; : : : ; M � 1g,

~� 0;m (
!
M

) + ~� 0(
!
M

) + � (
!
M

) =
�
2

sign(! ) (mod 2� )

( ) ~� 0(! ) =
�
2

sign(! ) � � (! ) � ~� 0;m (! ) (mod 2� ):

(61)

Consider now the interval [p2�
M ; (p + 1) 2�

M [ where p 2n
1; : : : ;

l
M
2

m
� 1

o
. As [p2�

M ; (p + 1) 2�
M [� [0; 2� [, Eq. (57)

yields

8! 2 [p
2�
M

; (p + 1)
2�
M

[; � (! ) = (d +
1
2

)! : (62)

UsingEq. (61) andthe2� =M -periodicityof ~� 0;m , we deduce
that

8! 2 [p
2�
M

; (p + 1)
2�
M

[;

~� 0(! ) =
�
2

� (d +
1
2

)! � ~� 0;m (! �
2�
M

p) (mod 2� ):

(63)

Combining this result with Eq. (19) leadsto Eq. (20). As a
consequenceof the antisymmetryof the phaseof a real �lter ,
a similar expressionis obtainedfor p 2

nl
M
2

m
; : : : ; M � 1

o
:

8! 2
i
p

2�
M

; (p + 1)
2�
M

i
;

~� 0(! ) = (d +
1
2

)(M � 1) ! � p� (mod 2� ): (64)

In summary, under the consideredassumptions,we have
seenthat, if thereexists a solution to Eq. (13), it is given by
Eqs. (19) and (20). Conversely, we will now prove that any

�lters satisfyingEqs.(19) and(20) aresolutionsto Eq. (13).
More precisely, we will proceedby inductionto show that

8k 2 N; 8! 2]2k� ; 2(k + 1)� [;

� (! ) = (d +
1
2

)! � k� (mod 2� ) (65)

and ~� 0;m (
!
M

) + � (! ) =
�
2

(mod 2� ): (66)

� It is readily checked that the properties(65)-(66) are
satis�ed for k = 0.

� Assumingthat the propertieshold true up to the index
k � 1 � 0, we will demonstrateit remainsvalid at index
k.
Wecanwrite k = M p+ q with p 2 N andq 2 f 0; :::; M �
1g and,consequently,

! 2]2k� ; 2(k + 1)� [ ( ) (67)
!
M

2]2(p +
q

M
)� ; 2(p +

q + 1
M

)� [ � ]2p� ; 2(p + 1)� [:

Sincep < k, accordingto the induction hypothesis,we
have 8! 2]2k� ; 2(k + 1)� [,

� (
!
M

) = (d +
1
2

)
!
M

� p� (mod 2� ): (68)

Moreover, the 2� -periodicity of ~� 0 allows us to write:

~� 0(
!
M

) = ~� 0(
!
M

� 2p� ): (69)

As ! =M � 2p� 2 ]2q �
M ; 2(q+ 1) �

M [, Eqs.(20) and(64)
leadto

~� 0(
!
M

) =
M � 1

M
(d +

1
2

)! (70)

�
�
(2d + 1)(M � 1)p + q

�
� (mod 2� )

=
M � 1

M
(d +

1
2

)! � (k � p)� (mod 2� ):

CombiningEqs.(17), (68) and(70), Eq. (65) is obtained.
By invoking the 2� =M -periodicity of ~� 0;m , the second
part of the propertyis proved in the similar way. Indeed,
for ! 2]2k� ; 2(k + 1)� [, we have:

~� 0;m (
!
M

) = ~� 0;m (
!
M

� 2(p +
q

M
)� ) (71)

which, usingEq. (19), leadsto

~� 0;m (
!
M

) =
�
2

� (d +
1
2

)M (
!
M

� 2(p +
q

M
)� )

=
�
2

� (d +
1
2

)! + k� (mod 2� ): (72)

Then,summingEq. (65) andtheabove expressionresults
in Eq. (66).

In conclusion,we haveprovedby inductionthatEq. (66)holds
for almostall ! > 0. The function ~� 0 (andthus� ) beingodd
as well as ~� 0;m , we deducethat Eq. (13) is satis�ed almost
everywhere.This endsthe proof of Proposition2.
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APPENDIX I I
PROOF OF PROPOSITION 4:

Assumingh0 is symmetricw.r.t. k0, we have

8k 2 Z; h0[2k0 � k] = h0[k] (73)

( ) e� 2{k 0 ! H �
0 (! ) = H0(! ): (74)

Thanksto Eq. (10), this may be rewritten as

e� 2{k 0 ! e� 2{� 0 ( ! ) G�
0(! ) = G0(! ): (75)

Accordingto Eq. (20),

2� 0(! ) = (2d + 1)(M � 1)! (mod 2� ): (76)

which leadsto

8k 2 Z; g0[2k0 + (2d + 1)(M � 1) � k] = g0[k]: (77)

This shows that g0 is symmetricw.r.t. k0 + (d + 1
2 )(M � 1).

In the sameway, for any m 2 f 1; :::; M � 1g, the symme-
try/antisymmetryproperty:

8k 2 Z; hm [2km � k] = � hm [k] (78)

combinedwith Eq. (21), resultsin:

8k 2 Z; gm [2km � 2d � 1 � k] = � gm [k]: (79)

APPENDIX I I I
PROOF OF PROPOSITION 5:

We denote by k:k the norms of the underlying Hilbert
spaces.We have then,for all f 2 `2(Z2),

kDf k2 = kD 1 f k2 + kD 2 f k2: (80)

Let us next focus on the �rst term on the right-handside of
this equation.As U 1 is unitary, we have

kD 1 f k2 = kF1 f k2 (81)

=
1

(2� )2

Z �

� �

Z �

� �
jF1(! x ; ! y ) bf (! x ; ! y )j2 d! x d! y :

In Equation(34), we upperboundthe magnitudeof the sums
by the sum of magnitudes.Invoking the Cauchy-Schwarz
inequality, the modulusof the frequency responseof the �rst
pre�lter satis�es the following inequality:

jF1(! x ; ! y )j �
� X

p;q

jbs(! x + 2p� ; ! y + 2q� )j2
� 1=2

� X

p

j b 0(! x + 2p� )j2
� 1=2� X

q

j b 0(! y + 2q� )j2
� 1=2

: (82)

As f  0(t � k); k 2 Zg is an orthonormalfamily of L2(R),P 1
p= �1 j b 0(! x + 2p� )j2 = 1. Under the Assumptions(50)

and(51), we deducethat

jF1(! x ; ! y )j �
p

B 2
s + Cs: (83)

Besides,the frequency magnitudeof the �rst pre�lter can be
lower boundedas follows:

jF1(! x ; ! y )j � jbs(! x ; ! y ) b 0(! x ) b 0(! y )j

�
X

(p;q)
6=(0 ;0)

jbs(! x + 2p� ; ! y + 2q� ) b 0(! x + 2p� ) b 0(! y + 2q� )j:

(84)

The latter summationcan be upper boundedas we did for
jF1(! x ; ! y )j, which combinedwith the assumptions(50) and
(51), yields:

jF1(! x ; ! y )j � AsA2
 0

�
p

Cs : (85)

From Eqs.(81), (83) and(85), we concludethat

(AsA2
 0

�
p

Cs)kf k � kD 1 f k �
p

B 2
s + Cskf k: (86)

Now, using Eq. (35) and invoking the sameargumentsas
previously lead to

(AsA2
 0

�
p

Cs)kf k � kD 2 f k �
p

B 2
s + Cskf k: (87)

CombiningEqs.(86) and(87) allows us to concludethat
p

2(AsA2
 0

�
p

Cs)kf k � kDf k �
p

2(B 2
s + Cs)kf k: (88)

As we have assumedin Eq. (51) that AsA2
 0

�
p

Cs > 0,
this meansthat D is a frame operator. Note that, when ideal
low-pass �lters are used for s and  0 (that is s(x; y) =
 0(x) 0(y) with  0(t) = sinc(� t)), we have jF1(! x ; ! y )j =
jF2(! x ; ! y )j = 1, and thus, kD 1 f k = kD 2 f k = kf k.
Therefore,in this ideal case,D is a tight frameoperatorwith
bound2.

To determinethe “dual” frame reconstructionoperator, we
have to calculatethepseudo-inverseof D which is de�ned by
D ] = (D yD ) � 1D y. In our case,the adjoint of D is

D y = (D 1
y D 2

y) = (F1
yU 1

y F2
yU 2

y): (89)

Hence,by virtue of the unitarity of U 1 and U 2 , we obtain
D yD = F1

yF1 + F2
yF2

and,�nally ,

D ] = (F1
yF1 + F2

yF2 )� 1 (F1
yU 1

� 1 F2
yU 2

� 1): (90)
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Fig. 8. Denoisingresultsfor a croppedversionof “Barbara”usingBivariateShrinkageand:(a) DWT M = 2; (b) DWT M = 4; (c) DTT M = 2; (d) DTT
M = 4.
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Fig. 9. SeismicdataanddenoisingresultsusingNeighblock:(a) Original data;(b) Noisy data;(c) DTT M = 2; (d) DTT M = 4.
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SNRinit = 7:71 dB SNRinit = 5:71 dB SNRinit = 3:71 dB
Visu SURE Biv NB Visu SURE Biv NB Visu SURE Biv NB

DWT M = 2 5.44 10.07 10.37 10.72 4.36 8.70 9.02 9.40 3.37 7.49 7.75 8.14
DWT M = 3 5.57 10.25 10.38 10.86 4.53 8.82 9.01 9.52 3.62 7.52 7.72 8.24
DWT M = 4 5.53 10.25 10.38 10.94 4.43 8.83 9.03 9.59 3.44 7.65 7.75 8.31
DTT M = 2 6.67 10.67 10.85 11.01 5.51 9.38 9.54 9.70 4.39 8.12 8.29 8.46
DTT M = 3 6.72 10.80 10.93 11.19 5.54 9.47 9.60 9.85 4.54 8.15 8.33 8.57
DTT M = 4 6.91 10.91 10.96 11.31 5.64 9.50 9.65 9.98 4.48 8.28 8.40 8.69
DWT M = 2 4.78 9.71 9.99 10.49 3.94 8.56 8.78 9.30 3.13 7.41 7.60 8.12
DWT M = 3 5.18 9.96 10.29 10.80 4.29 8.59 8.95 9.51 3.49 7.50 7.68 8.26
DWT M = 4 5.20 10.04 10.40 10.90 4.22 8.78 9.04 9.59 3.32 7.63 7.75 8.32
DTT M = 2 5.91 10.33 10.53 10.86 4.98 9.15 9.32 9.66 4.04 8.04 8.14 8.48
DTT M = 3 6.23 10.45 10.87 11.17 5.25 9.22 9.56 9.87 4.37 8.06 8.29 8.60
DTT M = 4 6.52 10.62 10.99 11.31 5.40 9.45 9.68 10.00 4.33 8.23 8.42 8.73

TABLE I

DENOISING RESULTS ON TEXTURE IMAGE FOR DIFFERENT INITIAL SNR' S. IN THE TOP PART OF THE TABLE, THE VARIANCE IS ASSUMED TO BE KNOWN

AND IN THE BOTTOM ONE, I T IS ESTIMATED. THE CONSIDERED ESTIMATORS ARE SURESHRINK (SURE) [35] , NEIGHBLOCK (NB) [37] , BIVARIATE

SHRINKAGE (BIV) [38] AND V ISUSHRINK (V ISU).

SNRinit = 5:67 dB SNRinit = 4:17 dB SNRinit = 2:67 dB
Visu SURE Biv NB Visu SURE Biv NB Visu SURE Biv NB

DWT M = 2 8.67 12.21 13.27 13.44 8.18 10.90 12.30 12.49 7.83 10.15 11.37 11.57
DWT M = 3 9.65 12.18 13.32 13.52 9.06 11.13 12.41 12.59 8.53 10.43 11.54 11.68
DWT M = 4 9.65 12.60 13.37 13.65 9.01 11.03 12.51 12.73 8.42 10.39 11.68 11.83
DTT M = 2 9.38 12.89 13.76 13.69 8.73 11.93 12.79 12.74 8.25 10.88 11.84 11.80
DTT M = 3 10.45 12.80 13.99 13.83 9.66 11.69 13.06 12.88 8.97 10.95 12.15 11.93
DTT M = 4 10.80 13.32 14.16 14.01 10.05 12.28 13.31 13.07 9.35 11.20 12.47 12.15
DWT M = 2 8.63 12.19 13.25 13.50 8.16 10.89 12.28 12.55 7.82 10.14 11.35 11.62
DWT M = 3 9.63 12.17 13.31 13.55 9.05 11.13 12.41 12.61 8.53 10.42 11.54 11.70
DWT M = 4 9.62 12.55 13.37 13.68 8.99 11.04 12.51 12.76 8.41 10.39 11.68 11.86
DTT M = 2 9.33 12.88 13.74 13.75 8.70 11.92 12.77 12.79 8.23 10.85 11.82 11.84
DTT M = 3 10.43 12.78 13.99 13.85 9.65 11.70 13.06 12.89 8.97 10.96 12.14 11.94
DTT M = 4 10.78 13.30 14.17 14.04 10.04 12.23 13.31 13.10 9.34 11.21 12.47 12.17

TABLE II

DENOISING RESULTS ON BARBARA IMAGE FOR DIFFERENT INITIAL SNR' S. IN THE TOP PART OF THE TABLE, THE VARIANCE IS ASSUMED TO BE KNOWN

AND IN THE BOTTOM ONE, I T IS ESTIMATED. THE CONSIDERED ESTIMATORS ARE SURESHRINK (SURE) [35] , NEIGHBLOCK (NB) [37] , BIVARIATE

SHRINKAGE (BIV) [38] AND V ISUSHRINK (V ISU).

SNRinit = 4:13 dB SNRinit = 3:13 dB SNRinit = 2:13 dB
Visu SURE Biv NB Visu SURE Biv NB Visu SURE Biv NB

DWT M = 2 3.17 6.66 6.78 7.46 2.83 6.05 6.19 6.87 2.51 5.48 5.64 6.30
DWT M = 3 3.53 7.12 7.14 7.84 3.21 6.51 6.53 7.23 2.90 5.91 5.96 6.64
DWT M = 4 3.60 7.52 7.47 8.16 3.24 6.91 6.83 7.53 2.91 6.31 6.23 6.93
DTT M = 2 3.82 7.12 7.10 7.57 3.47 6.52 6.50 6.98 3.12 5.96 5.96 6.42
DTT M = 3 4.15 7.49 7.42 7.92 3.79 6.91 6.82 7.31 3.46 6.28 6.25 6.72
DTT M = 4 4.23 7.82 7.72 8.21 3.84 7.23 7.09 7.58 3.49 6.65 6.49 6.98
DWT M = 2 2.56 5.19 5.73 6.76 2.34 4.92 5.37 6.34 2.11 4.64 5.03 5.92
DWT M = 3 3.27 6.60 6.77 7.72 3.01 6.28 6.26 7.16 2.75 5.62 5.76 6.61
DWT M = 4 3.50 7.51 7.36 8.16 3.17 6.88 6.74 7.54 2.86 6.29 6.15 6.94
DTT M = 2 3.12 5.86 5.97 6.93 2.89 5.51 5.62 6.51 2.65 4.95 5.28 6.10
DTT M = 3 3.84 7.07 7.04 7.84 3.55 6.56 6.52 7.27 3.27 5.97 6.02 6.72
DTT M = 4 4.11 7.81 7.60 8.23 3.76 7.22 6.99 7.60 3.42 6.64 6.41 7.00

TABLE III

DENOISING RESULTS ON SEISMIC IMAGE FOR DIFFERENT INITIAL SNR' S. IN THE TOP PART OF THE TABLE, THE VARIANCE IS ASSUMED TO BE KNOWN

AND IN THE BOTTOM ONE, I T IS ESTIMATED. THE CONSIDERED ESTIMATORS ARE SURESHRINK (SURE) [35] , NEIGHBLOCK (NB) [37] , BIVARIATE

SHRINKAGE (BIV) [38] AND V ISUSHRINK (V ISU).
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Visu SURE Biv NB Visu SURE Biv NB Visu SURE Biv NB
Texture SNRinit = 7:71 dB SNRinit = 5:71 dB SNRinit = 3:71 dB

symletDWT 5.01 9.78 9.96 10.33 3.97 8.40 8.58 8.99 3.07 7.12 7.31 7.73
DW MLT 5.04 10.08 10.11 10.58 3.94 8.60 8.71 9.20 3.01 7.33 7.38 7.89
AC DWT 5.18 10.06 10.07 10.58 4.11 8.61 8.70 9.22 3.19 7.32 7.39 7.94

symletDTT 6.59 10.64 10.85 10.91 5.36 9.36 9.55 9.61 4.24 8.16 8.32 8.38
DT MLT 6.94 11.04 11.07 11.32 5.56 9.72 9.79 9.99 4.35 8.50 8.54 8.70
AC DTT 6.95 10.97 11.01 11.29 5.60 9.69 9.74 9.97 4.40 8.45 8.52 8.71
Barbara SNRinit = 5:67 dB SNRinit = 4:17 dB SNRinit = 2:67 dB

symletDWT 8.66 11.83 12.72 12.95 8.21 10.76 11.83 12.06 7.85 9.94 10.98 11.19
DW MLT 8.95 12.05 12.70 12.96 8.37 11.00 11.81 12.05 7.88 9.81 10.97 11.17
AC DWT 9.20 12.17 12.93 13.17 8.58 10.86 12.06 12.27 8.08 9.94 11.23 11.39

symletDTT 9.45 12.92 13.69 13.62 8.86 11.82 12.74 12.70 8.43 10.85 11.83 11.80
DT MLT 10.49 13.29 14.15 13.98 9.67 12.32 13.26 13.07 8.94 11.07 12.39 12.17
AC DTT 10.71 13.40 14.31 14.08 9.88 12.31 13.43 13.17 9.12 11.16 12.56 12.28
Seismic SNRinit = 4:13 dB SNRinit = 3:13 dB SNRinit = 2:13 dB

symletDWT 3.22 6.64 6.74 7.39 2.91 6.04 6.15 6.80 2.60 5.47 5.60 6.23
DW MLT 3.54 7.09 7.08 7.72 3.22 7.11 6.47 7.11 2.92 5.90 5.90 6.53
AC DWT 3.64 7.27 7.26 7.90 3.31 6.61 6.64 7.29 3.01 6.06 6.05 6.70

symletDTT 3.99 7.22 7.25 7.63 3.64 6.65 6.66 7.05 3.31 6.11 6.12 6.50
DT MLT 4.30 8.01 7.74 8.13 3.95 7.40 7.12 7.53 3.62 6.82 6.53 6.96
AC DTT 4.39 8.04 7.83 8.24 4.02 7.44 7.20 7.64 3.68 6.85 6.60 7.05

TABLE IV

DENOISING RESULTS FOR DIFFERENT INITIAL SNR' S AND DIFFERENT WAVELETS FAMILIES. THE THREE PREVIOUS IMAGES ARE STUDIED. THE

CONSIDERED ESTIMATORS ARE SURESHRINK (SURE) [35] , NEIGHBLOCK (NB) [37] , BIVARIATE SHRINKAGE (BIV) [38] AND V ISUSHRINK (V ISU).


